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Resumo 



Nesta tese sao apresentadas duas aplicagoes do modelo sigma para a supercorda 
usando o formalismo de espinores puros. A primer a aplicagao e o calculo da in- 
variancia conforme a um-loop para a supercorda tipo II, resultando em equagoes de 
movimento no super-espago para campos de fundo acoplados com a supercorda. A 
segunda aplicagao esta relacionada com a invariancia BRST da supercorda heterotica 
no mVel quantico, que permite encontrar corregoes oriundas da teoria de supercordas 
para os vmculos de super Yang-Mills/supergravidade em dez dimensoes. 

Palavras Chaves: Supersimetria; Supercordas; Modelo Sigma; Correges de Chern- 
Simons. 

Areas do conhecimento: Fisica de Particulas c Campos. 
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Abstract 



In this thesis are presented two aphcations of the sigma model for the superstring 
in the pure spinor formulation. The first aplication concerns the computation of the 
one-loop conformal invariance for the type II superstring, resulting in equations of 
motion written in superspace for the background fields coupled to the superstring. 
The second apphcation is related to the BRST invariance of the heterotic superstring 
at the quantum level, which allows to find stringy corrections to the ten-dimensional 
super Yang-Mills/supergravity constraints. 

Key Words: Supersymmetry; Superstrings; Sigma Model; Chern-Simons Correc- 
tions. 

Areas of Knowledge: Fields and Particles Physics. 
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Chapter 1 



Introduction 



The description of Physics in terms of fields dates back to the 19th century and had 
as origin the study of the electric and magnetic phenomena. Since then, the field 
language has seem appropriate to describe electromagnetism, gravitation, and the 
remaining two type of interaction discovered in the 20th century; namely the weak 
and strong interactions. The Standard Model of particle physics, which describes 
all but gravitational phenomena, is a beautiful example of a unified description for 
various fundamental interactions in terms of quantum fields. Nevertheless the Stan- 
dard Model can be thought of as a built theory, which can be adjusted if some minor 
changes are required by the experiments. Furthermore, there are ingredients, in the 
philosophy of constructing, that are put by hand instead of deduced from more fun- 
damental principles, for example, the way various particles are acomodated in the 
standard model multiplets. In some way, the ability to adjust such a theory also 
leaves the unsatisfactory taste of not having the right core from where to extract it 
in a unique manner. 

Although the gravitational field has a well established classical field description, its 
quantum description has been elusive for quite long, as well as its incorporation, 
together with the other three interactions, in a single framework. Perhaps this first 
fact is an indication that the right type of description has not been used. 

An important step in the direction of a quantum theory of gravity has been provided 
by precisely changing the type of description used in particle physics, namely Quan- 
tum Field Theory. String theory, which was accidentally discovered by studying an 
apparently singular behavior of the mass and the spin of some heavy particles in 
the late sixties; is a different proposal for describing particle physics. A string is 
a one- dimensional object, which expand a two-dimensional surface as it evolves in 
time, called the worldsheet. In its simplest version, namely the bosonic string, the 
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spectrum of particles is obtained by quantizing the modes of vibration of closed and 
open strings. In the first case, the massless sector of the spectrum contains a particle 
of spin two and mass zero, which is the graviton. In the second case, the massless 
particle of the spectrum, which has spin one is the photon. In this simplified model 
one can already handle with gravity and electromagnetism using a single frame- 
work. Actually this is not the first time that a single framework contains gravity 
and a gauge field. This is the case of the Kaluza-Klein theories, which appear as a 
compactification of a five-dimensional gravity theory to four dimensions. In string 
theory the appearance of extra dimensions is "natural" , as explained below. In that 
sense, string theory also has room for Kaluza-Klein theories. 

String theory is a huge subject of study and it is not the aim of this thesis to continue 
discussing their generalities. So in the following a description more focused in the 
topic of interest will be given. 

1.1 Strings in a Generic Background 

It is known since the early eighties that the coupling of strings to a generic back- 
grounds puts restriction on it, namely, puts the background on-shell. This equations 
of motion for the background can be computed perturbatively by considering the 
quantum regime of the worldsheet symmetries. In this section it will be discussed 
the bosonic string and superstring in a generic background. 

1.1.1 Bosonic String Sigma Model 

In the simplest case, a bosonic string propagates in a Minkowski space-time. In such 
a case, the theory possess conformal symmetry at the worldsheet level. However, of 
primordial interest in this thesis is to consider the case when the strings propagates 
in a curved space-time, which is described by coupling the bosonic string to a generic 
space-time metric. Such a coupling is described by a non-linear sigma model action 

S = ^J d'a^g'^%X^d,X^Gmn{X), (1.1) 

where describe the coordinates of the string in D dimensional space-time, gab is 
a metric for the worldsheet, a' is proportional to the inverse of the string tension and 
space-time metric. This action is a direct generalization of the Polyakov 
action [1] when the Minkowski rjmn = diag{— 1,1, .. .1) metric is replaced by the 
Riemannian metric. The interest of studying this type of action is related with the 
information one can extract out of it. As well as the preservation of the conformal 
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symmetry at the quantum level indicates that space-time should be 26 dimensional in 
the Minkowski space case, in the curved space case the preservation of this symmetry 
at the quantum level makes the space-time metric to satisfy the Einstein equations [2] 
[3] , as will reviewed in detail. This is a way to obtain equations of motion for space- 
time fields, which could help to know the structure of the string effective action. 
Furthermore, perturbative methods can be used to compute stringy corrections to 
space-time equations of motion, giving also hints of string corrected effective actions: 
this requirement of conformal invariance can be computed perturbatively in the 
string parameter a', so the Einstein equations can receive stringy corrections. 
The space-time metric is associated to one of the massless bosonic string states, 
namely the graviton. There are two more states at the massless level which can be 
associated to an antisymmetric tensor, denoted by Bmn and a scalar field $ known 
as dilaton. In this way a generalized sigma model can be constructed, whose action 
in the conformal gauge is given by 

(1.2) 

where e"^ is the purely antisymmetric tensor in two dimensions and r^^^ is the scalar 
curvature in two dimensions. The requirement of conformal invariance at the quan- 
tum level also puts the background field on-shell. These equations of motion can be 
found as requirements for scale invariance, i.e. computing the beta function for the 
generalized non-linear sigma model (1.2). 

The condition for conformal invariance can be written as conditions for the stress- 
energy tensor being traceless: 

{Ta = pg^g'^'daX^^dhX'^ + iS^^t'^'daX^dkX^ + /^^i?^^), (1.3) 

where 

l^mn — Rmn " -^HmlrHn'^' + 2Vm'^n^, (1-4) 

PL = —V'Hmnr + Vm'mn, (1-5) 

P" = -^^^ + «'(i?-^+4V2*-4(V$)^), (1.6) 

and Hmnp ai'c the components of the three form H = dB. So, the theory is conformal 
invariant if the beta-functions are zero. In the following it will be explained the 
procedure to compute this /3-functions, taking [4] as reference. 



4 



Covariant Background Field Expansion 

By making a perturbative expansion it will be found a diagramatic expression for 
the terms in such expansion. With this goal, it will be introduced the partition 
function 

Zj = e-^M = J [dX]exp {-{S[X] + X ■ J)) , (1.7) 
which defines the functional generator W[J] of connected diagrams, where 

X-J^ J (faX'^Jm. (1.8) 
Variating respect of J, one defines the mean field 

SW 1 



Xm 

= A 7 
dJrr 



^Yjj [^^]^'"^'''' (1-9) 



with 



Sj = S[X] + X-J. (1.10) 

This mean field X'^ will play the role of a background field; it will be the field around 
which the perturbative expansion will be made. The effective action is defined by 

T = W -Xo-J. (1.11) 
Prom this equation, the current can be written as 



Jm = -T^, (1-12) 



so, the effective action takes the form 



V = W + X,-^, (1.13) 
oXq 



what allows to write exp{—V) using (1.7), (1.12) and (1.13): 



[Xo] = j [dY] exp [-{S[Xo + r] - y • ^)) , (1.14) 

where = X"^ — X^. The field Y"^ will play the role of a quantum field in the 
background field method. Insted of using the last functional, it will be used 

n[Xo] = J [dY] exp (^-{S[Xo + Y]- S[Xo] - Y ■ ^)^ . (1.15) 

This will be the generator of the IPl diagrams. Subtracting S'[Xo] from the ex- 
ponential in (1.14), the expansions of the fields around Xq will always contain the 
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quantum field Y"^. Making a Taylor expansion around Xq a power series in Y"^ will 
be obtained. Each term of such a expansion will not be invariant under general co- 
ordinate transformations of spacetime, since is a subtraction of two coordinates, 
does not have such an invariance. That is why it will be useful to find a system of 
coordinates in which the coordinate invariance is manifest, such a coordinate system 
is denoted as normal coordinate system. 

Normal Coordinate System Let be coordinates for a point Pq in space-time 
and X^ + y"* coordinates for a point P, it is possivel to find another coordinate 
system by using a geodesic that joins both points. By considering a parameter t for 
the geodesic 

rf'A- .tt^A^^ (1.16) 



df^ dt dt 

such that A'"(0) = Xq™ and A(l) = Xq™ + F*". Defining as 

r^^(o), (1.17) 

it will be a tangent vector to the geodesic in Pq, and as such, will transform as a 
vector under a change of coordinates. So, any geometrical object when expanded in 
Taylor series around X"^ will be a diffeomorphism expression. 

Tm,...mAX. + = E fc! [d^.-d^.) Tm.-m.iXo)r..r^. (1-18) 

Supposing a solution for the geodesic equation in Taylor series (1-16) 

^'"W = Efcy^^"^W^'' (1-19) 

fc=0 

then this solution, with the initial conditions already given has the form 



A-(i) = x^+rt-lrZn,m'-l^rZn,nsrrrt'-..., (1.20) 
= x^+rt-J2T^rz...n,r-C't', (1.21) 



k=2 



where 



pm Q -nm -pi -prn -pi -pm /-i ooN 

niUQUs "1 71213 nin2 Ins nms 712/' \ ) 

= V„,r-„3. (1.23) 
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The definition (1.23) is used recursively for defining ^. as the covariant derivative 
acting only in the lower indices 

^ni...ni = ^ni'rn2...ni- (-'-•24) 

Finally, X{t = 1) defines a coordinate transformation in which is written as a 
contravariant vector in this coordinate system 

^Tm-n,) = 0, (1.25) 

this defines the normal coordinate system. Here the bar notation indicates that the 
expression is valid in a normal coordinate system. 

Using such a coordinate system several expressions are simplified. Christoffel sym- 
bols cancel, although not their derivatives, so the curvature tensor in components is 
written as 

R-^nip^diF^^-d.r^i. (1.26) 

From (1.25) when i — 3 

dnVT, = - d,rz (1.27) 

Adding 2(9„f^ to both sides of (1.27) and using the symmetry of the Christoffel 
symbols, one gets 

In the following this result will be used to find an expansion in normal coordinates 
for Gmn- 



Pert ur bat ive Expansion 

From (1.18) it can be found 

d 



As this expression is written in normal coordinates, then 

d 



r^^jGmn — "^iGmm (1.30) 
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but if the metric Gmn is covariantly constant, then this term does not appear in the 
expansion. 

The derivatives of the third term in (1.29) can be written as 

dldpGmn = VjVpGmn + dlTpj^Gqn + OlTpj^Gmq- (1.31) 

Symmetryzing (1.31) in the indices / and p, and using (1.28) 

1 _ 

-\- Rmn{lp)\- (1-32) 

Replacing this expression in (1.29), and using the symmetries of the curvatures 
tensor 

Rmnlp — Rmnpl-i Rmnlp — Rlpmrn (1.33) 

one obtains 

Gmn{Xo + y) = ^^^(^O) + \Rmlpni'e + -, (1-34) 

where again, the covariant derivatives of Gmn are zero. Now, the expansion (1.34) 
is written purely in tcnsorial terms and as such is valid in any coordinate system. 
So, the bar notation is no longer necessary. It will also be necessary to compute 
da{X^ + F™). With this aim, one computes (1.20) in t — 1 and take derivatives : 



and using again (1.28), 



da{X^ + F™) = W + - ^dnTTpeeOaX^ - (1.35) 



da{X^ + Y"^) = daX^ + + Ir"" IpndaXSee " -, (1-36) 



where 



V„r = daC + ^TpCdaXl (1.37) 

is the covariantization of da^^. Then, (1.36) can be written manifestly covariant. 
Finally multiplying (1.34) and (1.36) one finds 



Sg[X, + Y] = Sg[Xo] + ^ Jj'a^\g^'GmndaX^V,C (1-38) 

+ ^ X {Gmn^ar^bC + RmlpudaX^d^X^^e) + • • •, 

where E denotes the two-dimensional manifold. In subsequent chapters this notation 
will be dropped off. Now, for the antisymmetric tensor one obtains 
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+ 2"^' pqmBln{Xo) + -i?' pqnBml{Xo))C^'^ + •••• (1.39) 

Prom (1.39) and (1.36), it can be found 

Sb[Xo + Y] = Sb[Xo] + ^ Jj'ae''\B^^{Xo)daX^'V,C 

+ ^VlBmndaX^dbXSC') (1.40) 

+^(V;VpS„„ + 2BmgR' ipn)daX^^''d,XI,'ee] + ■■■■ 

Nevertheless, note that the action for the antisymmetric tensor Sb is invariant under 
the following transformations 

form some vector A.jn[X). So it is important that the terms in the expansion have 
also this symmetry, and one look for a expansion in terms of the field strength 

Hmnl = ^mBnl + ^ nBlm + ^ iBmn = ^ \mBnl], (1-42) 

which is invariant under (1.41). The square bracket notation in sub-indices means 
they are antisymmetrized. Up to surface terms, one finds the following expression 
at second order in ^ 

Sb[X^+Y] = Sb[Xo]+^, dVe"" {Hi^r^daXlC-V,C + \yiHmnpdaX^d,X^i'e^ +. 

(1.43) 

The expansion for can easily be obtained 

S^Xo + Y] = S4Xo] + ^Jj^a^\R^^^VmHXo)r 

+ ^ [ rfV^^i?(^)V^V„$(Xo)rr + -- (1-44) 

4vr Jy; 

If Xq satisfy its classical equation of motion, then the linear term in ^ vanishes. 
To read the propagators, it will be useful to implement an orthogonal frame, or 
vielbeins, for which — ^ra^Jflij- 
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Orthogonal Frame Denoting by {dm} the vectors in a coordinate basis, another 
basis can be written as a hnear combination of them 



ei = ei"'dm, (1.45) 
with i — 0, D — 1. For being orthonormal, it must satisfy 

G{ei, ej) = GmndX^ ® dX^ia 'di, e, ^4) = 77,,-, (1.46) 

then 

Gmn^i — ^ij- (-^"47) 

Denoting by e^* the inverse elements of e^"*, they satisfy 

p."*P ^^8-^ p V " = (5 " ('1481 
and from (1.47) one finds 

Vij^m CrfYin- (1.49) 

In this base, a conexion Um is introduced, with components ujm^ j- h is defined by 
the condition that the covariant derivative acting in the tetrad base is zero: 

Vmen' = Omen' - PLe^ ' + ^' = 0. (1.50) 

Now, it is easy to see how the components of a vector are related among the two 
basis 

^^ee^^eer^,r^^^^m: (1-51) 

from which 

Therefore, using (1.47), (1.50) and (1.52) 

GmnV^rVftC" = SiJe,r^VVa^^bC: (1-53) 

= (VaO'(V60'- (1-54) 
In this case, Va denote that the derivative da has been covariantized, given by 

(VaO* = daC + i^m'A^"V, (1-55) 
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and it is assumed that the derivative acting in Cm * is zero. 

With the help of the tetrad base, the following expansion for the generalized bosonic 
non-linear sigma model is found 

kcicj 



37ra 



Ana 



127rQ; 
1 



+^^c?v^i?(2)v,v,$(Xo)ee + .... 



One-loop conformal invciriance 

In this section it will be studied the conditions for the energy-momentum tensor 
being traceless. Noting that the functional generator 

VL = e-^., (1.57) 

depends only on the worldsheet metric (in a fixed gauge) and, as a consequence of 
the diffeomorphism invariance satisfies 

= y fiV^(VV + VV), (1.58) 

which in the conformal gauge and using coordinates z — + ia^ and z — — ia'^ 
takes the form 

where a; is a conformal factor. Integrating by parts this expression 

1 8V\ f I ST 



lyfgbuj) \\fgSg 



;i.60) 
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and as and are arbitrary, the following set of equations is obtained 



These equations are the analog of the conservation of the classical energy-momentum 

tensor. 

It is possible to show that the right hand side are derivatives of the expectation 
value of the zz and zz components of this tensor, as explained in the following 
From (1.57), 

sr _ 1 6n 

The measure element is chosen in such a way for not contributing to the energy- 
momentum tensor. This allows to write 



47r 5V 



V^(T,,), (1.64) 



V. ( ) = V^"(T,,). (1.65) 



and in the same way 



The left hand side of (1.61) will be identified with the expectation value of the com- 
ponent zz of the energy-momentum. 

In this way, independent of the metric g component under consideration, the vari- 
ation of the effective respect of the metric is identified with the energy-momentum 
tensor in the quantum regime: 

(T„,) = 4^ — , (1.66) 

\/\g\ gab 

therefore, (1-61) takes the form of a conservation law 



V,(Tj,)+V,-(T,,) = 0. (1.67) 

The idea is to use the value of (T^z) computed at 1— loop, to compute the trace of 
the energy-momentum tensor. Initially can be considered a fiat worldsheet, and as 
discussed later, worldsheet curvature effects will be taken into account. Using the 
notation q = q^, q = q^, in momenta space the conservation law (1-67) takes the 
form 
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q{T,M) + q{TUq)) = 0. (i.es) 

It will be first computed the contribution to (Tz^) coming from the variation of the 
effective action containing the term So- From (1.66) and (1.63) 



(1.69) 

The term in the exponential can be written as 



Sg[Xo + e] - Sg[Xo] = Spree + S^t, (1-70) 

with 



"J Free 

and 



■>Int 



I (fa^Mf''R^mJn^aX^^,X'SC^^■ (1-72) 

Having chosen a tetrad basis allows to find an expression for the propagator, which 
can be expressed diagrammatically as 



5 j _ 4.'Ka'rf^ 

(1.73) 



\<1 



2 



while from Sjnt can be found a vertex 




(1.74) 

where the curved lines represent background fields. Writing (1.69) as 

= ^ j me-^'^-^ {l^M^zC + -) e-^-* (1.75) 
and making an expansion of the exponential, the following diagram can be formed 
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(1.76) 



where the cross represents an insertion of the energy-momentum tensor. This dia- 
gram leads to 

^^^^^^ = \j If I^ItT^^^"^"^'^^^"'^"^^ ^^-^^^ 

In this equation the keys denote an expression in momentum space, but independent 
of the momenta /. 

To compute this integral in (1.77), one can use a Feynman parameter x to write it as 
a known integral, whose value could be found using the dimensional rcgularization 
formulas [5]. Introducing the parameter the integrand of (1.77) is written as 



= -"7 :(''-f)fa;-;^'). (1.78) 



Defining 



then 



Hl + qf Jo [xP + (1 - x){l + qy]'' 



A;" = r + (1 - x)g", a = 1,2 (1.79) 



/ 



dldl + q) _ f cPk {k^f - {ef - 2ik^e - x{l - x){q^ - iq^f 



2nP{l + qy Jo J n (F + A)^ 

(1.80) 



with 



A = x{l-x)q'^. (1.81) 

In the integral (1.80) there are omitted hnear terms in k that vanishes because of 
symmetry. Extending the two-dimensional space to d = 2 -|- e, (1.80) has a known 
form. The quadratic terms in k cancel among them using 



k^k^ 7ri(5"'' , rf, / 1 \ , , 
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Now, using 



1 



in the limit e 



+ A)2 
0, one obtains 



d„ , d. I 1 



(1.83) 



dH l{l + q) 



27r/2(/ + g)2 q ^^'^^^ 

Substituting (1.84) in (1.68) one obtains an expression for the trace of the energy 
momentum tensor ^ 

{Tzz)g — -^RmndaX^d"' Xq , (1.85) 

which was the desired result. 

It can also be found an interaction with the first term in (1.43). A diagram with only 
the linear term in the expansion of the exponential is canceled by the antisymmetry 
of H, therefore, such a term should be considered in quadratic order. The type of 
interaction is given by 




from which one obtains 



l + k 



;i.86) 



H2 



1 {Ana']" e"" 



8a' {ATia'y ^\ ^ 

did! {I + q)z{^ + k)blJd 



daX^d,X^Hr^ijH„ikv'W (1-87) 



2(27r)2 /2(/ + ^)2(/ + ^)2 

Without lost of generality, one can make A; = 0. Using 



and 



^ab cd ac 



1. 



(1.89) 



the equation (1.87) is written 
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with 

Hmn = HmlpHn^^ ■ (1-91) 

Using the computed value for this integral (1-84) and having in mind the existence 
of other four identical configurations to the diagram (ref diagram 2) the following 
expression for {T^z) can be found 

{Tzz)h, = ^^-Hl^g'^^X^d.XS. (1.92) 

Finally, using the expression for the energy- momentum conservation (1.68) can be 
found the expression for (T^^). 
Up to now the results are 



{Tzz) = ( -^Rmn — Y^Hmnj f?a-^o"^"^0 + gVif/mn j , ^a^o"^b^o (1-93) 



1^1 

Until now the contributions coming from the dilaton were ignored by choosing 
gab — ^ab- It sccms that (1.93) would be all the contributions at first order in 
a'. Nevertheless, in a fiat worldsheet, variations of the action including the dilaton 
respect of infinitesiaml variations of the metric, when evaluated in a fiat worldsheet 
are different from zero. Making this variation 

5S^ ^-^ [ d'a5{^/\i\R^'^)m), (1-94) 
Palatini's identity can be used: 



where 



SR^S = Vc^r^, - v,5r^„ (1.95) 



5ri, = -g^SgaeVl, + lg^{Sgaa,b + Sgab,a - Sgab,d), (1-96) 



to write 



\g\g'''5R^^ = V,(v^^«^5r^J - V,{^M9"'SKb)■ (1-97) 
Integrating by parts (1.94) one finds 
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Replacing (1.96) in (1.98), integrating again by parts and making g^h — Sab, the 
energy-momentum tensor can be computed 

7;f = 2{dadb - 6abA)^X). (1.99) 
The simbol A is the Laplacian in the worldsheet. In coordinates {z, z), 

= ~A^X{a)), (1.100) 

and the trace is different from zero, as expected by the lack of conformal symmetry 
of S^. To compute the contributions of this trace to the total conformal anomaly, 
one computes (1.100) in Xq, 

A*(Xo) - 2g''d,d-MXo), 

= 2g^%{dmHXo)d,X^), 

= ^aX^^-X^^,,^,r^^Xo)+AX^^m^Xo). (l.lOl) 

But as Xq satisfy the classical equation of motion 

1 f"-^ 

AX^ = -r^^g'^'daX^d-X', + -H"^ ^i^daX^dX, (1.102) 



\9\ 



replacing (1.102) in (1.101), one finds 



1 f"'^ 

A^Xo) = VmVnHXo)daX^d^X^ + -V^^X^)H^r,i^=daX^dbXl (1.103) 



If I 

That is, the classical contributions coming from the variation of arc of the same 
order as the one- loop contributions coming from {Tq) and {Th)- Therefore, the 
following partial result can be written 



m = Pg^daX^d^X^ + P^^^daX^dbXl (1.104) 



with 
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= RmniXo)--HmlpHj''iXo)+2Wm^nHXo), (1.105) 
PL = -^V'Hl,r^n{Xo)+HlmnV'^Xo). (1.106) 

To find the remaining terms in the beta functions, some computations of two point 
functions must be done, i.e two insertions of the energy momentum tensor. To 
see that this is the case, one must remember that because of the diffeomorphism 
symmetry in two dimensions, a worldsheet metric can be written as a scale factor 
times a flat metric. In this case, to state that a theory has Weyl symmetry is 
equivalent to say that the energy-momentum tensor is traceless, when computed 
using the metric Qab — e'^^ab- This must be independent of the scale factor uj such 
that the result is valid for any curved worldsheet. Then, at least the first variation 
with respec to to uj must be zero. This first variation can be written as 

^(r.,(.)),.., = (1-107) 

and evaluating in = 0, the variation (1.107) is written in terms of the two point 
function for the energy-momentum tensor 

%(T,,(z))e2.5 = --{T,,{z)T,,{z'))s, (1.108) 



where 

{T,,{z)T,,{z'))s = {Tg{z)Tg{z'))s + '2{Tg{z)T%{z')) s + {T%{z)T%{z'))s. (1.109) 

Integrating uj allows to write the trace of the energy-momentum tensor in terms of 
the results obtained from the computation of the two point function. The result will 
be something known: a term proportional to the worldsheet curvature scalar R^'^\ 
whose constant of proportionality contains the space-time dimension. Furthermore, 
some contributions fo the fields G and H will be found. 

Consider for the time being just the terms in the classical action with Weyl symme- 
try: Sq and Sb- At the lowest order in a' in the two point function, ^zzXzzii the 
next graph is found 
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(1.110) 

from which is obtained 

{T.MTU-<1)) = f / d'lp^,- (1-111) 

To write the integral in (1.111) as an integral whose value is known, a Feynman 
parameter x is introduced. The two point function (1.111) takes the form 



{TUQ)T..{-q)) = 8" X ^ (FTAp ^^-^^^^ 

with k and A given by (1.79) and (1.81) respectively. The terms with odd powers 
of k are zero because of symmetry, while the quadratic terms cancel among thems, 
as in (1.80) . It is not difficult to prove that the quadratic term in k vanishes using 

J d'k^^ = (^-'^ Ai(5«''5^'^ + S'^^S'" + 5«'^5''^). (1.113) 
Using (1.83), one finds 

{T.MT..{-q))s = ^D^. (1.114) 

Using twice the energia- momentum tensor conservatoin qTzz{q) + qTzz{q) = 0, it can 
be found 

{TMT.,{-q))s = ^Dqq. (1.115) 
Writting this equation in coordinate space 



where it was used 



7^ n 

{Tz-z{z)Tz,m5 = --^VWl^S^'H^), (1-116) 



- / 7#%?e-. (1.117) 



(27r)2 4 
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From (1.108), an expression for {T^z) can be found 

{Tzz)e'^s = ^\/\g\Auj. 
Using the following expression for the two-dimensional scalar curvature 

= -2Au;, 

which is valid in conformal gauge, one can write 



Multiplying both sides of (1.120) by 2g'' 



D 
"24 



12 



;i.ii8) 



:i.ii9) 



(1.120) 



(1.121) 



This expression is modified as D ~* D — 26 hy considering the ghost fields that 
appear when fixing the conformal gauge. 

This last contribution to the trace of the energy-momentum tensor as a different 
structure, since it is proportional to R^'^^ and neither to daX^d'^^^X^ nor t'^'^daX^d^XQ. 
Moreover, in this contribution do not appear terms containing G neither H. To find 
their contributions proportional to R^'^\ it is necessary to go to higher order terms 
in the expansions of and 5*5 [X]. Those contributions can be found computing 

the graphs [6] 




q+l 



q+l' 



(1.122) 
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B 



q+l 



[1.12A) 



These two loops computations are more complicated, since subdivergences can ap- 
pear. Nevertheless, according with [6] their contributions to the trace (31") can 
be computed using the same strategy of the conservation of the energy-momentum 
tensor. They contribute 

{T,'^)^a'[R-^^R^^\ (1.125) 
where R is the scalar curvature of space-time. 

There are remaning contributions that can appear considering the two-point func- 
tions {T%{z)T%{z')) and {Tf^{z)Tf^{z')) . From the expansion for the action with $ 
is not difficult to find 



= 2[dd{Vi^)C + d{Vi^)dC + d{Vi^)dC + {Vi^)ddC]. (1-126) 
Taking just the last term in the last equation 

{T!MT!A-q))5 = \v.^VMACAe)s (1.127) 
which can be represented by the following diagram 



(1.128) 

from which it is obtained 

{T^T^)s = Tra'iV^fqq. (1.129) 

Using the energy-momentum conservation twice, a contribution of — 2q;'(V$)^-R^^^ 
is obtained for the trace of the energy-momentum tensor. 
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Nevertheless, the expansion for the energy-momentum tensor coming from variating 
5*$ also contributes at a' order, so it is necessary to compute (T^'^T^*). To compute 
Tj* the same procedure that allowed to find contributions coming from the variation 
of the action including $ can be used. The following result is found 



ZZ 



4:71 6 



47r ' 



+2(ViVj$)afae]. (1.130) 

Out of these terms, only the last two will give a non-zero contribution. The product 
of the last term with is represented in the following diagram 




q+l 



[1.131) 



while the term before the last in (1.130) with T^^ can be represented by a similar 
diagram. Prom the last diagram can it can be found 



dldl 



this integral is the same as in (1.111). Then, using the same result one finds 



(1.132) 



zz^zzio g 



[1.12,2,) 



To compute the remaining contribution 



^"'^ (1.134) 

has to be computed. The result is the double of (1.133) and adding up everything, 
one finds 



(T,,)e2.5 = 2a'^V'$i?('). (1.135) 

Adding up all the computed contributions as indicated in (1.109) to the trace of the 
energy-momentum tensor it can be written as 
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{Ta ^) = Pg^g'^'daX^d.XS + PZ^e^'daX^d,XS + (1.136) 

with 

= Rmn-lHmlpHjP + 2Vm'^n^: (1-137) 

PL = —V^H^np + ^l^H^mn, (1-138) 

= _£^ + tt'('i?-:^+4V'$-4(V$)'y (1.139) 

In the following, it will be shown that these beta functions can be consistently set 
to zero, in such a way that the theory has no conformal anomaly at one-loop. 

Consistency conditions of the Weyl invariance 

When the fields Bmn and $ are zero and Gmn is the flat metric, the coefficients 
/^mn' f^mn (1.136) are zero, and reduces to a number proportional to D — 26. 
Nevertheless when the bosonic string is coupled to space-time fields, there appear 
terms in the trace of the energy-momentum tensor which do not have this property: 
they are proportional to daX'^dbX'". Furthermore, /3* appears as corrections to 
the D — 26 term. In order to have an anomaly free theory, all of the three P 
functions must cancel, in a consistent way, where by consistent is meant to preserve 
the property of being a number. The term of order a' in includes fields in 
spacetime, then in principle would not be constant numbers. Nevertheless, as will be 
shown in the following the conditions = and = imply that the gradient 
of is zero, therefore is a constant. 
Using the Bianchi identity for the curvature tensor 

^[iRmnlpv = 0, (1.140) 

is easy to see that the Ricci Rmn tensor satisfy 

V"i?„„ = ^VnR. (1.141) 

Prom the definition of H^ni can be verified that it satisfies the identity 

VipH^ni] = 0, (1.142) 



what allows to write 



V'^iHmlpHr, = HmlpV'^Hr, + \v (1.143) 
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Then, computing V"/3^„ is obtained 

V"/3L = l^mR - - ^H^ + 2V^V2$ + 2i?^„V"$, (1.144) 

where it was used the definition of the curvature tensor [Vm, Vn]?'' = —Rmnp^'v^- 
In terms of the beta functions and the equation (1.144) is written as 

V"/5L = ^V^ (^R - ^H' + 4V2$ - 4(V$)^) + + 2/3LV"$, (1.145) 

or 

which imphes is a constant if and are zero. Therefore, when all the (3 
functions are zero the theory has Weyl symmetry at the quantum level. 



Spacetime Effective Action 

The system of equations obtained by the vanishing of the f3 functions can be written 
in a more suggestive way. From /?* = it can be found 

-4:V^<^> -4:{V<^>y, (1.147) 
with this and from — one obtains 

R"mn '^(^mn-R — ^mm (1.148) 

where 



= ^ (^Hl^ - ^GmnH'j - 2V^Vn$ + 2Gmn^^^ - 2G'„„(V$)^ (1.149) 

The equation (1.148), satisfied by the metric field, is the Einstein equation in space- 
time, with energy- momentum tensor (1.149). This is a symmetric tensor, but its 
conservation must be checked. In fact, applying the operator V™ to the equation 
(1.148), the left hand side is identically zero, as can be checked by using the Bianchi 
identity(1.140). The right hand side can be written as 

V^e^, = P^iH^ '"^ - 2/51 V"*. (1-150) 
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So the conditions for preserving the Weyl symmetry at the quantum level (3^^ = 0, 
f^mn ~ guarantee the conservation for the matter energy-momentum tensor. 
Now is possible to find another two equations for the other fields in spacetime. By 
taking the trace of (3^ 



mn 



G--/?! = R- \hI^ + 2V2$, (1.151) 
but the condition j3^^ = together with = 0, allows to eliminate R to write 

V2$_2(V$)^ = -^i/^ (1.152) 

what constitutes the equation of motion for the dilaton. Finally, the equation for 
the field H will come from the condition (3^^ — : 

V'Hi^^ = 2V^Hi^^. (1.153) 

As is known, Einstein's equations can be derived as an equation of motion of the 
Einstein-Hilbert action. It is tempting to think that the three equations for the 
spacetime fields (1.148), (1.152) and(1.153) could be deduced from an action prin- 
ciple. This work was done by Metsaev and Tseytlin [7], where the following action 
was found 

j (f^X^/\G\e-^'' (^R - + 4(V$)2^ . (1.154) 
By making the variation of (1.154) with respect of the fields G H and 



+2G_(V<I')^ + ^^G^nH' - \hU - - 

^H^^'SH^^i}. (1.155) 

The sector of derivatives of the field Gmn in (1.154) does not have the form of the 
Einstein-Hibert action because of the exponential of the field but by making a 
transformation Gmn — e^Gmn, (1-154) takes the form 

S ^ j d''X^\e-^'^e''^{R - {D - -^{D-1){D- 2)(V^2 

+4('v$j2 - ^e-^^H^}, (1.156) 

where the notation with ~ indicates that the indices are contracted with the metric 
G. The Einstein-Hilbert action will be contained in (1.156) by choosing 
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4$ 

- = (1.157) 



in that way (1.156) can be written as 

S^l d^X^\ (r - ^m)' - ^^^^') ■ (1-158) 

In the action (1.158) can be identified a kinetic term for the Dilaton and a Maxwell 
term for the antisymmetric field, but with a coupling to the dilaton. 



1.1.2 Superstring Sigma model 

Phenomenologically, superstrings are more interesting than bosonic strings since 
they contain fermions in their spectrum. Before concentrating on the superstring 
sigma model, it will be given a brief description of the superstrings in Ramond- 
Neveu-Schwarz and Green-Schwarz formalism [8], [9]. 

In the first half of the seventies supersymmetry was discovered within string theory 
in an attempt to construct a more realistic theory which could incorporate fermions 
in it's spectrum. This more elaborated version of the string incorporating fermions 
is known as the superstring, and differently from the bosonic string, which is defined 
in 26 space-time dimensions to cancel the conformal anomaly, the vanishing of the 
superconformal anomaly makes the superstring live in 10 space-time dimensions. 
The first formalism used for describing the superstring dates back to that decade 
and is known a the RNS formalism standing for Ramond-Neveu-Schwarz. It has 
N = 1 superconformal symmetry at the world-sheet level and is also space-time 
supersymmetric, although this feature is rather involved. Nevertheless, the covariant 
quantization in this formalism is a straightforward task. 

In the eighties superstring theory gained more interest. Green and Schwarz [10] 
showed that the theory is free of gauge, gravitational and mixed anomalies by con- 
sidering it's low energy limit, which is N — 1 D — 10 super Yang-Mills theory cou- 
pled to supergravity. Also in this decade Green and Schwarz found a new formalism 
for the superstring, known as the GS formalism [11], which has manifest space-time 
supersymmetry. It has a new fermionic local symmetry at the worldsheet level, 
known as Kappa symmetry [12], which is more involved than the superconformal 
symmetry of the RNS formalism. For quantizing the GS formalism, one has to use 
the light-cone gauge so the space-time symmetries are no longer manifest. In this 
decade it was known the full set of superstring theories: Type I, TypellA, Type IIB, 
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Hctcrotic 5*0(32) and Heterotic £^8 x Es, which in the nineties were related to each 
other using duahties [13]. 



Ramond-Neveu-Schwarz sigma model 

For the supcrstring, one can similarly consider the coupling to background fields 
corresponding to massless states, giving further information about the equations 
of motion for the background fields. Nevertheless, because of the complicated su- 
pcrsymmetric space-time structure of the RNS formalism, only some sector of the 
possible couplings can be turned on, namely, the NS-NS sector [14] [15]. In the con- 
formal gauge, the sigma model action for the Heterotic string in the RNS formalism 
is 

= y d^zde[^DX^dX^{Gmn{y^) + S^„(X)) + DX^'j'Arr.liX) + OX'^DX''] 

+77- / d'^zr^'^'^^,] (1.159) 

where D = dg + 6dz is the N = 1 D = 2 supersymmetric derivative, X"^ = X"^ + 6iIj"^ 
and 7 = i^C^i^A^A^ arc the Hctcrotic string currents that can be written in terms of 
the structure constants OC^j^^ for the gauge group x and right handed fermions 
A'^, with A = 1,...,32. Am is the gauge potential. Besides the beta functions 
already written, in the absence of the Kalb-Ramond and Dilaton superfields, the 
check of conformal invariance allows to find a beta function associated to the gauge 
field: /3:^j = V^Fmni- The lack of manifest super- Poincare invariance does not allow 
to couple the RR sector, then using this formalism there are missing equations of 
motion for the background fields. Therefore, the sypersymmetrical aspects of those 
equations of motion are missed, turning this formalism an inappropriate language 
for studying supersymmetrical aspect such as dualities. The use of a manifestly 
space-time covariant formalism is in order. 



Green-Schwarz sigma model 

The GS formalism makes use of superspace in 10 dimensions. For that reason, 
the action written using superfields makes the supersymmetry invariance manifest. 
Using the GS formalism, one can write a sigma model in a manifestly Super- Poincare 
invariant form. The sigma model action is given by [16] 

S^^, I d''zdZ^dZ^{GMN + Bmn){Z). (1.160) 
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Here stands for the = 10 = 1 superspace coordinates (X™,^"), with 
m = 0, . . .9 and a = 1, . . .16. Gmn and Bmn ai'e superfields whose content is the 
supergravity multiplet. Some attempts have been taken to compute the beta func- 
tions in this formahsm, see [17] [18]. Nevertheless, its quantization in a manifest 
super-Poincare invariant way is an unsolved problem that rises difficulties in the 
computation of the conformal anomaly. 

Besides these two formalism, there exist a formalism suitable for studying com- 
pactifications to four dimensions, known as the hybrid formalism [19]. By using 
this description, the Heterotic string and type II superstring beta functions were 
computed by studying the N — (2, 0) and N — (2, 2) superconformal algebra re- 
spectively [20] [21] [22]. 

Since one cannot couple all the background fields corresponding to the massless su- 
perstring states and covariantly quantize in ten dimensions neither with the RNS or 
GS formalism, one should look for a more convenient way of describing the super- 
string. Fortunately, there exist a formulation in which the super-Poincare invariance 
is manifest and can be quantized covariantly. This is the pure spinor formulation 
for the superstring [23], whose sigma model for describing the Heterotic and type 
II superstrings [24] has been used to compute the equations of motion for the back- 
grounds, giving respectively the super Yang- Mills/super gravity equations of motion 
for the heterotic case [25] and supergravity equations of motion for the type 11 sigma 
model [26]. It is worth to note that before pure spinors were used to describe su- 
perstrings, integrabihty along pure spinor lines allowed to find the super Yang-Mills 
and supergravity equations of motion in ten dimensions [28] . Before discussing the 
pure spinor sigma model, which will be done in chapter two and three, it will be 
useful to give a brief review of the pure spinor formalism in a flat background. For 
detailed and pedagogical reviews, see [29] and [30]. 

1.2 Pure spinor formalism 

The Pure Spinor formalism has its roots in the Siegel approach for describing the 
superstring [31]. This approach had success for covariantly quantizing the super- 
particle, but it could not be used to describe the physical superstring spectrum. 
Nevertheless it had the advantage that all the worldsheet fields are free, making 
trivial the computation of the OPE"s. Instead of describing the Siegel approach, 
the pure spinor description for the Heterotic and type II superstrings will be given 
directly. 
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1.2.1 Heterotic superstring in the Pure Spinor formalism 

The action for the heterotic superstring in the pure spinor formahsm is given by 

1 /■ ,o .1 



J d''z{^dX'^dXm+Pade'^ + hdc) + Sx + Sj, (1.161) 



where the worldshcct variables {X"^ , 6*^ , pa) , with m = 0. . .9, a = 1. . .16, describe 
the = 1 D = 10 superspace. pa is the conjugate momentum to 9°'. This formahsm 
takes its name from the bosonic spinor A", which is constrained to satisfy the pure 
spinor condition A"(7'^)q,^A^ = 0, where 7™ arc 16 x 16 symmetric ten-dimensional 
gamma matrices. The pure spinor part of the action, denoted by S\, is the action 
for a free f3 7 system, where the conjugate momentum to A" is denoted by c<j„. Sj 
denotes the action for the heterotic right-moving currents and (6, c) are the right 
moving Virasoro ghosts. It is worth to note that the Lorentz currents A'""'' = |A7'^*a; 
and ghost number current J = X'^cUa satisfy 



m[q^p]n 



N"'''(y)NP%z) ^ a'-^-^ '-^ ^ - 3a"^ — (1.162) 

y-z [y-zf 

J{y)J{z) ^ - (1-163) 

It is worth to note that the —3 coefficient in the double pole, added with a -|-4 
coefficient for the double pole of the Lorentz curent in Siegel approach M"*" = 
Ip^rnnQ^ gives a -|-1 coefficient, which is the same as in the Lorentz current of the 
RNS formahsm. These currents have OPEs with the pure spinors 

N^\y)X-{z) ^ ia'(7--)«^^, J{y)X<^{z) ^ a'^, (1.164) 
2 y-z y-z 

while the right-moving currents satisfy 

j\y)j'{z) ^ a'Ziji:^ + a'^-^, (1.165) 
y-z [y-zy 

where f^"^ k are the Eg x Eg structure constants. Physical states arc defined as 
vertex operators in the cohomology of the BRST charge* Q = § dzX^d^ and Q — 
§{cT + cdcb), where da are the worldsheet variables corresponding to = 1 D = 10 
space-time supersymmetric derivatives and is given by 

da^Pa- ^la^e^dXm + ^7r^(7™)75^^^^9^'- (1-166) 



*For a reference of BRST quantization of the superstring and a proof of equivalence of the pure 
spinor formahsm and GS formahsm, see [32] and [33]. 
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1.2.2 Type II superstring in the Pure Spinor formalism 

The pure spinor closed string action in flat space-time is defined by using the super- 
space coordinates X"^ with m — 0, . . . , 9 and the conjugate pairs {pa, 0°'), {pa, 0°') 
with {a, a) — 1, ■ ■ ■ , 16. For the type IIA superstring the spinor indices a and a 
have the opposite chirahty while for the type IIB superstring they have the same 
chirality. In order to define a conformal invariant system we need to include a pair 
of pure spinor ghost variables (X^^uja) and {X",cUa). These ghosts are constrained 
to satisfy the pure spinor conditions (A7"^A) = (A7™A) = 0, where 7^ and 7^ 
are the 16 x 16 symmetric ten dimensional gamma matrices. Because of the pure 
spinor conditions, u and u are defined up to Su = (A7™)A„, and 6uj = (A7™)Am. 
The quantization of the model is performed after the construction of the BRST-like 
charges Q = § \°'daiQ = § X'^d^, here da and da are the world- sheet variables cor- 
responding to the N = 2 D = 10 space-time supersymmetric derivatives and are 
supersymmctric combinations of the space-time superspacc coordinates of confor- 
mal weights (1,0) and (0, 1) respectively. The action in fiat space is a free action 
involving the above fields, that is 

S=^jd'z {^dX"'dX^ + + Pade'') + Spure, (1-167) 

where Spure is the action for the pure spinor ghosts. 

The left A^"'" = |A7"*"a; and right-moving currents 7V"^" = |A7"^"2; satisfy the 
OPE's 

A^""'(?/)A"(^) ^ -a'(7'"")"^^^, 7V'"'*(7/)A"(^) ^ ^^'(7™")"^^^ (1.168) 
2 y ~ z 2 ^ y — z 

N^^{y)NP'i{z) ^ a' "^ - Sa'^ "^ ^ (1.169) 

y-z [y-zf 

N^^{y)N'P'^{z) ^ a' "^ - 3a''^^-^, (1.170) 

y-z {y-zf 

Having a covariantly quantized description for the superstring brings important ad- 
vantages. Scattering amplitudes have been computed up to two loops, [34], [35], 
[36], [37], [38], [39] and [40]. Also it has been possible to study the superstring in 
a curved background more properly, that means, including the full D = 10 A^ = 1 
supermultiplct and finding their equations of motion. In this of importance 

to know the effective field theories for the massless modes of the string. One reason 
is to know the genuine effective stringy effects in the theory. A second reason is that 
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it would be possible to test duality conjectures beyond the leading order and also 
would be interesting to know the effects of the string corrections on the solutions of 
the supergravity equations of motion. 

As emphasized, these Ph.D thesis relays on the area of the non-linear sigma model 
for the superstring in the pure spinor description. The coupling of the pure spinor 
superstring to a generic background, including RR fields, was given for the first time 
by Berkovits and Howe [24], where also a,set oi D — 10 N — 1 super- Yang- Mills and 
supergravity constraints were computed in the heterotic superstring case by studying 
the nilpotency of the pure spinor BRST charge and the conservation of its respective 
ERST current. Also they found a set D = 10 A?" = 2 supergravity constraints analog 
considerations for the type II superstring in a generic background. Both the het- 
erotic and type II pure spinor superstrings in a generic background will be reviewed 
in chapter 2 and 3. For the open superstring in the pure spinor description coupled 
to a background, it was shown that the classical BRST invariance implies that the 
background fields satisfy the full non-linear supersymmetric Born-Infeld equations 
of motion [41] . The one-loop beta functions for the heterotic superstring using the 
pure spinor formalism were computed by Chandia and Vallilo [25]. These authors 
also show that the sYM /supergravity constraints makes the beta functions to be 
zero, implying in conformal invariance at one- loop. In collaboration with Chandia 
[26] the one-loop beta functions for the type II superstring were computed, and 
also were verified the conformal invariance of this theory by using the lowest order 
D = 10 N = 2 supergravity constraints. This will be developed in detail in chapter 
3 of this thesis. It is worth to note that using the pure spinor formalism, the full 
superfield multiplet can be coupled to the superstring. So this allowed to compute 
covariantly the equations of motion for the background superfields, even the RR 
superfields in a manifestly covariant manner^. 

There is one more study that can be performed using the superstring sigma model us- 
ing the pure spinor formalism. The Grccn-Schwarz mechanism demands an anoma- 
lous transformation of the the Kalb-Ramond superfield [10], which amounts to an 
a' order Chern-Smons modifications of the field-strength related to this superfield. 
It will now be explained how to compute such a' corrections. Using the pure spinor 
sigma model it was shown at the lowest order in a', that the BRST invariance 
puts the background fields on-shell [24]. It is in the quantum regime of the BRST 
invariance that it is expected to find the Chern-Simons modifications. These Chern- 

^^For further studies of the pure spinor superstring in a generic background see [27] and references 
therein. 
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Simons modifications are of two types: Yang-Mills and Lorentz, as is known since 
the Green- Scliwarz mechanism for the cancellation of gauge, gravitational and mixed 
anomalies in the framework of the ten-dimensional low-energy effective field theo- 
ries [10]. Also Hull and Witten [42] noted the appearance of those modifications to 
cancel the sigma model gauge anomalies. Atick, Dhar and Ratra [43] gave further 
evidence for the existence of the Yang- Mills Chern-Simons modification by making 
a Supcrspace description of X = 1 supergravity coupled to X = 1 super Yang-Mills. 
The Chern-Simons modifications were even noted in the component formulation of 
supergravity in order to have a consistent theory [44]. Furthermore, integrability 
along pure spinor lines allowed Howe [45] to incorporate the Chern-Simons correc- 
tions. By studying what conditions are imposed on the background superfields by 
the preservation of the BRST invariance properties at first order in ol for the Het- 
erotic sigma model in the pure spinor description, the Yang-Mills Chern-Simons 
modifications have been computed in as-yet unpublished work [46] which will be 
described in detail in chapter 4. The Lorentz Chern-Simons modifications consti- 
tute work in progress and will be discussed in chapter 5. Both Yang-Mills and 
Lorentz Chern-Simons modifications appear as stringy corrections to some of the 
classical SYM/SUGRA constraints mentioned in the preceding paragraph. Besides 
the Chern-Simons modifications, other corrections are expected to preserve super- 
symmetry. Being a manifestly supersymmetric, it seems promising that the pure 
spinor sigma model would be useful to find a complete a! correction preserving su- 
pcrsymmetry in space-time. This will help to settle an old debate found in the 
literature, discussed in some works of Gates et al. [47] , [48] and [49] on one hand 
and Bonora et al. [50], [51], [52], [53] and [54] where two sets of string corrected 
constraints cannot be related among them. 

Recently a new set of supergravity constraints have been introduced by Lechner 
and Tonin [55] and it will be of interest to compare their a' corrections with those 
computed directly from the pure spinor superstring. 
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Chapter 2 



Ten-Dimensional Supergravity Constraints from the 
Pure Spinor Formalism for the Heterotic Super- 
string 

Before discussing the conformal anomaly and the gauge and Lorentz anomaly for the 
superstring, it will be introduced the sigma-model type action in the pure spinor 
formalism [24] for the heterotic superstring. As in the bosonic string case [56], 
the starting point for costructing a sigma-model action are the integrated vertex 
operators corresponding to the massless states. This chapter is fully based on [24] 
and the pourpose of including it in the thesis is to make the text more complete and 
set notation, instead of being original in this topic. 

2.1 Vertex Operators in the pure spinor formalism 

The massless supergravity and super Yang-Mills vertex operators are respectively 
given by 

VsG = j (fz[de''A^rn{x, 9) + nM„^(x, 9) + d^E^ixO) + N^pn^^P]dx^, (2.1) 

VsYM = j d\[de''A^i{x, 9) + TTAniix, 9) + d^Wf{x9) + N^pUi''^]!', (2.2) 

where the last two terms in each vertex operators are present to make them BRST 
invariant and 11"* = dx^ + ^9^'^d9. Note that any of this two vertex operators 
could be constructed from the open string vertex operator 

Vopen = / dz[d9''A^{x, 9) + nM„(x, 9) + dJV''{x9) + iV^^C/"^] (2.3) 
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multiplying either with J dzdx"'' or J dzJ . By computing the conditions for BRST 
invariance of (2.1) one finds 

{inp^rsT^D^Ap^ = 0, d'^idrnApn " = 0, (2.4) 

which are the linearized A*" = 1 supergravity equations motions, and also 

which defines the linearized supergravity connections and field-strengths in terms of 
Aam- Similarly, the BRST invariance of (2.2) leads to the linearized = 1 super 
Yang- Mills equation of motion 

{lnp,rsT^D^Apj = 0, (2.6) 

as can be read-off from the condition X'^X^DaApj = using the pure spinor condi- 
tion; and also to the definitions of the linearized super Yang-Mills connections and 
field strengths in terms of Aaf. 

Ani = -'-D^i^r^r^Afsi, W/ = -^{Y^)"%D^A^i - dnA^j), (2.7) 

The on-shell graviton is contained in the {'y'^d)ahmnix) oi Aami^, while the 
on-shell gluon a„7 is in the (7"^)aa„/(x) of Aai{x, 9). 

By considering the coupling of the superstring to a generic background, (2.4)-(2.7) 
will be generalized to covariant non-linear equations. 

2.2 Heterotic Superstring in a Generic Background 

By adding the supergravity and super Yang-Mills vertex operators (2.1) and (2.2) 
to the flat action (1.161) and covariantizing respect to A?" = 1 D = 10 super- 
reparameterization invariance, one can arrive to an action for the coupling of the 
Heterotic superstring to a curved background. Also, one can consider the worldsheet 
flelds dx^, 89°', 89°', da, J and X°'ujp. Then, by making products among them, 
one can write an expression which is classically invariant under worldsheet conformal 
transformations. The action is given by 

^ " 2^ / d'z[^8Z''dZ''(Gj,M + Bj,m) +dadZ''EM'' + 8Z''yAMi (2.8) 
+dj'w^ + X^upj'UiJ + X^updZ^^Mj] + Sft + Sgnost + -^a + -^j- 
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In this notation = (x™,^^) are coordinates for the superspace. Middle alpha- 
bet indices denote the curved superspace indices, while beginning alphabet indices 
a = (a, a) denote the tangent superspace indices. The set of background super- 
fields is given by Gmn, Bmn, Em"', Ami, Wf", Uja^, VLmu^ and In terms of the 
supervielbein Em^, Gmn is given by Gmn = EM°'Ej<i^riab- Bmn is the two-form 
Kalb-Ramond potential, and $ is the dilaton. Ami is the super Yang-Mills po- 
tential, while Wf^ and UioP will be related to the super Yang-Mills field strengths. 
SpT denotes the Pradkin-Tseythn action Sft — ^ S dPz^{z)r^'^\ where r^^^ is the 
two-dimensional scalar curvature. Finally, ^Ma^ is the sping connection super- 
field. Because of the form that uja appears in (2.8) and the pure spinor condition, 
there is a gauge invariance 5uja — A"(7aA)Q,, so the background superfields satisfy 

(^6ccie)^aj^^^/3 _ ^^hcde^^^a^^J ^ g, which imply 

^mJ = ^2(5/ + hlM^^lM, UiJ = Ui'^5j + luj^{^,,)J. (2.9) 
The action (2.8) is invariant under local gauge transformations 

SEm'' — rjcd^'^EM'^, SEm"" — TfpEM^, 8Q,Ma^ — du^J^ + '^'JP^m-i^ — '^^^mo? , 
5Wf = E-M//, 5Uj = E^C/// - E^C/,,^ = E^A^ 5uj^ = -E>^, (2.10) 

as well as under local shift transformations. 

(2.11) 

where the transformation of ^a/s'^ has been chosen in such a way for not to change 
the pure spinor BRST current. 

2.2.1 Heterotic Nilpotency Constraints 

The constraints found by requiring that the BRST charge remains nilpotent when 
the string is coupled to a curved background can be found either by using canonical 
commutation relations [24], computing directly twice the BRST variation on various 
worldsheet fields in (2.8) [57] or by a tree level computation, as explained in chapter 
4. In this section we use the first approach, with a commutator algebra 

[Pm, = 5m^, [coa, A^l = Si [j\ j'] = f\j'', (2.12) 

where the canonical momentum is defined as usual Pm = 6L/S{doZ^^). By comput- 
ing this momentum one finds 
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da = Ea^{PM + ^{dZ"" - dZ^)BNM " X'tOf^^MS^ - j'Ami). (2.13) 
Then, one can use the commutators algebra (2.12) to find 

{Q, Q} = j A«A^[T„/Dc - ^(az^ - dZ^)Haf,N - X'usRo^p,' - j' F^f^i], (2.14) 

where Dc = Ec"^ {Pm - X'^ujpVtMa^ - J'Ami). 
Prom (2.14) one can read the nilpotency constraints 

A^A'^Tc,/ = X^'X^Hapc = X^X^X^Rap^' = X^X^F^pi = 0. (2.15) 

2.2.2 Heterotic Holomorphicity Constraints 

In this subsection it will be computed the conditions for d{X°'da) = at the lowest 
order. Again there are three possible ways to compute this constraints. One is by 
using the classical equations of motion derived for the worldsheet fields in (2.8) [24], 
by computing directly the BRST variation of this action [57] or by computing tree 
level diagrams, as will be shown in chapter four. In this chapter it will be followed 
the first approach. 

By variating A" and cUa in (2.8) one obtains respectively 

dua = -{dZ^'flMj + j'UiJ)ujp, dX^ = {dZ'^VLMp'^ + 7V,/)A^. (2.16) 

The equations of motion for the right-moving Heterotic currents can be found by 
using bosonization. The result is 

dj' = f-'Kl^'idZ^AMj + daWJ + X'^ujpUjJ). (2.17) 

Finally, by computing the variation of (2.8) with respect of superspace coordinates 
Z^ one finds 

dda = Ea''[{dypEMf)EM\ah + 9[p£;iv]"£;M^a6 - ]^HpMN)dZ^dZ'' (2.18) 

+2{d^pENf)di3 + dipVLN]^'^X^uJi3)dZ^ - np/d{X^uj^) - Apidl^ 

+{2dipAM]idZ^ + dpW^dp + dpUi^l^X^up)j\ 

So, by using (2.16), ( 2.17) and (2.18) one finds the that derivative in the z direction 
of the BRST current is 

^X'^da) = X''[Um\Ta,,+Ta,,-Ha,,)]+]^U^n\Tap-^^^^^ 

(2.19) 
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where = dZ^'EM^, = aZ^^M^ and Tabc = Tab%c. 

Since II" is related to J through II" = — J by using the equation of motion 
for the worldsheet field da in (2.8), we arrive at the following set of constraints for 
holomorphicity of the BRST current at the lowest order in a' 

Ta(bc) — —Habc — TajB^ — Hajj^ — TcJ^ — 0, X^X^Rda/s"' = 0, -Fa/3/ = —-^^I^io-P^ 

(2.20) 

FaM = -W^T^ab, ^aW? - TjW] = A°A^(V„C/7/ + R^JW]) = 0. 

It will be explained in chapter 4 how to compute those constraints perturbatively 
in a' . 

In the following chapter, it will be discussed the pure spinor sigma model for the 
type II superstring. 
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Chapter 3 



One-loop Conformal Invariance of the Type II Pure 
Spinor Superstring in a Curved Background 

Having gained experience with the Heterotic sigma model, the type II sigma model 
will be introduced and the conditions for conformal invariance will be computed. At 
the end of the chapter it will be shown how the classical constraints imply in the 
equations of motion for the background. 

3.1 Classical Considerations 

In a curved background, the pure spinor sigma model action for the type II su- 
perstring is obtained by adding to the flat action of (1.167) the integrated vertex 
operator for supergravity massless states and then covariantizing respect to ten di- 
mensional N — 2 super-reparameterization invariance. The result of doing this 
is 

(3.1) 

+dad^P''^ + {X''u;p)d^^'^ + (A"c:;^)rf^C/^ + (A"a;^)(A"^)S',/^) + ^^^.e + ^ft, 

where = dZ^EM^,U.'^ = dZ^Eu^ with Em"^ the supervielbein and are 
the curved superspace coordinates, Bba is the super two-form potential. The con- 
nections appears as Tt^l^ = dZ^^Ma^ = Tl'^^Aa'^ and = dZ^VlMa^ = ^"^^aJ- 
They arc independent since the action of (3.1) has two independent Lorentz sym- 
metry transformations. One acts on the a-type indices and the other acts on the 
a-type indices. Spure is the action for the pure spinor ghosts and is the same as in 
the flat space case of (1.167). 

As was shown in [24], the gravitini and the dilatini fields arc described by the lowest 
6'-components of the superfields Ca^"^ and Ca^'^, while the Ramond-Ramond field 



38 



strengths are in the superfield P"^. The dilaton is the theta independent part of 
the superfield $ which defines the Fradkin-Tseythn term 

Sft^^I d\ r (3.2) 

where r is the world-sheet curvature. Because of the pure spinor constraints, the 
superfields in 3.1 cannot be arbitrary. In fact, because of the gauge invariances 
5uja — A"(7(jA)o, and 5u)-a — A"(7aA)a one can find 

^aJ = ^a5J + \^Aab{l''')J, ^aJ = ^aSJ + ^^Aabir'h'^: (3-3) 
Ca^ = C^Sj + ^Cab^rX^, = C"'6j + ^Cab\r')J, (3-4) 

Sa^^~^ = 55/5/ + lSab{r%V+ ]Sab{r%V + ^SaUr%^{Y%^- (3-5) 

4 4 lb 

The action of (3.1) is BRST invariant if the background fields satisfy suitable con- 
straints. As was shown in [24], these constraints imply that the background field 
satisfy the type 11 supergravity equations. The BRST invariance is obtained by 
requiring that the BRST currents js = A^rf^ and Jb = A^d^ are conserved. Besides, 
the BRST charges Q = § Jb and Q = § Jb are nilpotent and anticommute. Let us 
review these properties now. 

3.1.1 Nilpotency 

As was shown in [24] (see also [57]), nilpotency is obtained after defining momentum 
variables in (3.1) and then using the canonical Poisson brackets. The only momen- 
tum variable that does not appear in (3.1) is the conjugate momentum of which 
is defined as Pm — {27ra')SS/ 5{doZ'^) where do = ^{d + d). It is not difficult to see 
that uja is the conjugate momentum to A" and that uja is the one for A". Nilpotence 
of Q determines the constraints 

X^X^HapA = X"' X'^ X"' Ra/Sj^ = X'^X^Rafi^^ = 0, (3.6) 

a^a^t;/ = a'^a^t;/ = a'^a^t;/ = o, (3.7) 

where H — dB, the torsion Tab"" and Rab-y^ are the torsion and the curvature 
constructed using ^a/s'' as connection. Similarly, Tab^ and Rab^^ are the torsion 
and the curvature using Jl^^^ as connection. 
The nilpotence of the BRST charge Q leads to the constraints 

>^^^H^-3A = ' = A^A^A^^B,' = 0, (3.8) 



39 



X"X%/ = X''X%/ = X'^X%/ = 0. (3.9) 
Finally, the anticommutation between Q and Q determines 

HaM = T^/ = T^i = T^f = X^X^IhJ = A^A^^^^/ = 0. (3.10) 

Note that given the decomposition (3.3) for the connections, we can respectively 
write 

RdcJ = RdcSJ + \RDCef(r%^, (3.11) 

RdcJ = RdcSJ + ^RocefiYV- (3-12) 
3.1.2 Holomorphicity 

The holomorphicity of Jb and the antiholomorphicity of Jb constraints are deter- 
mined after the use of the equations of motion derived from the action (3.1). The 
equation for the pure spinor ghosts are 

WX'^ + Xf'id^Cfs^'^ + X^^Spa^'^) = 0, Va;«-(dyC«^+A%>Sa/0^/3 = 0, (3.13) 
and 

VX^+Jj^{d,Cf^ + X''upS^f^'^) = 0, VS^- id^Cj^^ + X^u;pS^^)i:jf^ = 0, (3.14) 

where V is a covariant derivative which acts with Q or Q connections according to 
the index structure of the fields it is acting on. For example. 

The variations respect to da and da provide the equations 

+ d^p"^ + A%5/" = 0, - dpP^ + x^uj^Ca^ = 0. (3.15) 

The most difficult equations to obtain are those coming from the variation of the 
superspace coordinates. Let us define — SZ^Em^-, then it is not difficult to 
obtain 

= da^ - a^\l^EB'^Ec''dyr,EM]^{-lf^^^^^. 
Here we can express this variation in terms of the connection ^2 . In fact. 
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There is a point about our notation for the torsion that we should make clear. Using 
tangent superspace indices, the torsion can be written as 

^^ A T7I W/o 77' M\Tp A.( \BC rp N ( 771 M\ 771 A . r\ A I \BCr\ A 

(3.162 

In our notation, Tbc"' will mean that the connection in (3.16) is Jlc/?" while Tbc°' 
means that the connection in (3.16) is ^cp°'- Since we also have two connections 
with bosonic tangent space index flat"' and flcb"', we use Tbc"^ to denote the torsion 
when we use the first and Tbc"" to denote the torsion when we use the second. 
We vary the action (3.1) under these transformations and, after using the equations 
(3.14), (3.15) and some of the nilpotence constraints, we obtain 

W« = -^n«n'(r„(5„) + //aba) + ^n^Tr(r;3aa-/^/3aa)-rf;3rrT„/ (3.17) 
+FujU%R^^f - ^Cf\Tsaa + Hsaa)) - dfr{Tj + ^P^'^Hg^a) 

+A/^u;,n'i?j„/ + X^u^n^Rs^f + lc/^H,sa) 

+df,d^{P'^TsJ - V„P^) + ^u^dsiVaCf + CfTpJ + P'%^f) 

+Xf'cU^dj{Va.Cp'^' - P'^'Rpafi^) - AVA^'^p(Va%^^ + C/^^^ 
+C-g'"'RaaP^): 

and 



V4 = -^U'^lf{T^^,a)+H^l>a) + lll''n\T-^a + H0^a)-dpn^^^ (3.18) 
-dfsTiT,^" - \p^{T^a - H^a)) + X^^jU^Raai 

+A^a;,rf (i?„^/ - ^C^^^(%„ - Hs^^)) - d^lViT^'' + ^P%^) 

+X^u^U'Rs^f+Xf^i.,Tf{R^^^^ + \Cfp-^H-,-) 

+dpd^{P^%J^ - V^P^) + X^u^djiV^p^' + C/^f^^ - P^'^Pp^/) 
+Fs^d,(V^C/^ + P'~'R^f) - X^u,X%{V^Sp-f-p + C/^P^/ 

From these equations, (3.13), (3.14) and also two equations in (3.10) we obtain the 
holomorphicity constraints. In fact, Vjs = implies 
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Ra.f - Cf'Tsaa = tJ + ^P^%,,« = R,^f + \c^^' H = 0, (3. 19) 

P'^TsJ - V„P^ - C^^ = WaCf' + Cf'^T.J + P'%^f - Sj^ = 0, 
A"A^( V„C/^ - P^^i?,,/) = A«A^( V„5^f ^ + C/^P^„/ + Cf^R^^p-^) = 0, 

and Vjs = implies 

Ra^p' - Cp^%^, = T^^ + Ip^'H^s^ = Pj^/ + ^C/^if^ = (3.20) 

V^C/^ + P^P^/) = 0, A^F( V^5,^^7 + Cs^R^f + Cf^R^^s") = 0. 
3.1.3 Solving the Bianchi identities 

We can gauge-fix some of the torsion components and determine others through the 
use of Bianchi identities. It is not necessary but it will simplify the computation of 
the one-loop beta functions. As in [24], we can set Ha/s^y = Hap- = H^-^^ = H--^^ = 
since there is no such ten-dimensional superfields satisfying the nilpotency constrains 
of Q and Q. We can use the Lorentz rotations to gauge fix T^/j" = 7^^ and T-^" = 
therefore the above constraints imply HafSa = (7a)a/3 and H^-^^ = -(7a)a^- We 
can use the shift symmetry of the action (3.1) 

5S^^^ = Co^^5Vt--p^ -\- C-0^5VtpcP, 

to gauge-fix T^p'^ = T-f = 0. 

The Bianchi identity for the torsion is 

(Vr)^BC''^ = '^[aTbc]'^ + T^ab^Tec]^ — R[ABC]^ — 0, (3-21) 

where brackets in (3.21) mean (anti-)symmetrization respect to the ABC indices. 
The curvature will be P or P if the upper index D is 5 or 5 respectively. When 
D — d, we use the notation (VT')abc'' or {'VT)abc''': if we use the connection Jl^c" 
or 0,Bc°", then the curvatures in each case will be P or P. 
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The Bianchi identity (VT)q,/3^" = implies Taab = '2{'yab)a^^i3- Similarly, the 
Bianchi identity (VT)-^" = implies T^ab = 2(7a6)a^f^^. The Bianchi identity 
(VT)^^" = implies U^, = f^a = 0. Similarly, the Bianchi identity {VT)a3j'' = 
implies ^1^ = T^a^ = 0. It is not difficult to show that the constraints Taa" = — 
imply ^a = ^a = 0. 

We can write two sets of Bianchi identities for H depending on what is the connection 
we choose in the covariant derivative. Note that the components of the superfield 
B. do not depend on such choice. The Bianchi identities come from Vif = and 
Vif = and it is not difficult to check that both sets are equivalent. Let us write 
only one of them 

iyH)ABCD = ^[aHbcd] + l^lAB Hecd] — 0. (3.22) 
There is one more Bianchi identity involving a derivative of the curvature 

{VR)abCD^ = ^R{ABC\D^ + T^AB^RpcjD^ — 0. (3.23) 

The identities {VH)^p^s. i^H)^^^-^, iVH)^^-^, (V/J)^^^, {VH)--^^ are easily sat- 
isfied if we recaU the identities for gamma matrices T^q,^ (70)7)5 = 7"-^(7a)-)5 = 0. 
The identities {VH)aaf3'y, {^H)aaf3^, {VH)aaf3y are satisfied after using the 

dimension-^ constraints. The identity {'VH)abai3 = implies Tabc + Habc = and 
the identity (VH)^^^-^ = implies Tabc - Habc = 0. The identity (Vi/)^;,^^ = is 
satisfied if we use the constraints involving the superfield P"'^ in the first lines of 
(3.19) and (3.20). 

3.1.4 The remaining equation of motion 

In the computation of the one-loop beta function we will need to know the equation 
of motion for 11" and II". Since we know that the difference VIl" — VII" is given 
by the torsion components, then we only need to determine VIl" -|- VII" which is 
determined by the varying the action respect to a" = SZ^Em"'- To make life simpler 
we will write this equation using the above results for torsion and H components. 
The equation turns out to be 
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^ ( vn„ + vn„) = ^u'WHaa - ^n^n'T^^^ + d.n V^^" + x^'upifRaba^ 

-1 -j^ 

^X-UpX^UjiVaSa^^' - C4<^RapoP - Ca^^ap^') " (3-24) 



3.1.5 Ghost number conservation 

As it was shown in [24] , the vanishing of the ghost number anomaly determines that 
the spinorial derivatives of the dilaton superfield $ are proportional to the scale 
connection ^2. This relation is crucial to cancel the beta function in heterotic string 
case [25] and will be equally essential in our computation. Let us recall how this 
relation is obtained. Consider the coupling between ghost number currents and the 
connections in the action (3.1). Namely 

/ d^z (JQ + JQ). 
zna J 

The BRST variation on this term contains the term 

--^ / d^z {dJX'^n^ + dJX^^l^). 
2'na' J 

The anomaly in the ghost number current conservation turns out to be proportional 
to the two dimensional Ricci scalar, as noted by dimensional grounds. The pro- 
portionality can be determined by performing a Weyl transformation, around the 
flat world-sheet, of the anomaly equation. In this way, the triple-pole in the OPE 
between the current and the corresponding stress tensor yields 

= 4f]„ = 4^^,, (3.25) 

which will be used in section 5 to cancel the UV divergent part of the effective 
action. 



3.2 Covariant Background Field Expansion 

We use the method explained in [20] and [25]. Here, we need to define a straight-line 
geodesic which joins a point in superspace to neighbor ones and allows us to perform 
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an expansion in supcrspace. It is given by which satisfies the geodesic equation 
AY^ = Y^VbY^ = 0. The connection we choose to define this covariant derivative 
has the non- vanishing components Qau^, ^Aa^ and Qas^- These same connections 
are defined in the action (3.1). In this way, the covariant expansions of the different 
objects in (3.1) are determined by 

An^ = vy^ - y^n^TcB^, aH/ = -y^n^'i^s^/, aq/ = -y^u'^RbaJ. 

(3.26) 

Any superfield ^ is expanded as A^ = Y'^Va^- 

As in [25], we see that da, da and the pure spinor ghosts are treated as fundamental 
fields, then we expand them according to 

da = daO + da, A" = Aq + A", Ua = (^aO + '^a, (3.27) 
~ ^ ^ ^ ^ ^ 

da — daO + da. A" = Aq + A , LUa — LOaO + ^aO, (3.28) 

where the subindex means the background value of the corresponding field which 
will dropped in the subsequent discussion. 

The quadratic part of the expansion of (3.1), excluding the Pradkin-Tseytlin term, 
has the form 

S2 -Sp + ^rJ {Y^Y^Eba + Y^Vy'^Cba + Y^VY'^Cba (3.29) 

+daY^DA'' + daY^DA"" + (X''^p)Ha^ + (X%)hJ + (X^Up + X^up)Y^1aJ 
+(a\ + A"5^)y^7^/ + dad-^P'^'^ + {X^UJp + X'^UJp^Ca'^ + 
(a\ + A"5^)d;(5/^ + (A"a;^ + X'Qp) ^ ^Jjj + \%)Sa/'), 

where Eba, Cba, ■ ■ ■ are background superfields given by 
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+2TcB''TnAahlf^''^''^) - h]S''Tf'\RcBAa ' TcB^'TnAa + V BTcAa{-lf'') 

+ldjf{-l)''+^{-RcBA'' + Tcb^'Tda'^ - VbTca"(-1)^^) (3.30) 

+ \x^UpTf{TcB''RDAa^ - V bRcaJ i-l)^'') 

+^A%n^(Tcs^i?DA/ - Vsi?cA/(-l)'''') + \dJfJBVAP''~^ 

C'ba = — ^n^Ts^a — -^^TcAa^B ~ -^^HcBA — -jdaTBA^" { — ^)^^^ — -^^"l^pRsAa^ , 

(3.31) 

CbA = — ^n^^SAa — 2^ TcAaS% + -H^HcBA — -C^a^SA"( — l)"^"*"^ " " A^CU^-RfiAa^, 

(3.32) 

Da"' = -n'^TsA" + rf^VAP"^(-l)^ + A'^c:5^VAC/^ (3.33) 
Da^ = -n^fsA" - d^VAP^i-l)^ + A^^^V^C^^^, (3.34) 
= Hc,^ + dyCc«'^A^^5«/^ (3.35) 
Ha^ = + ^^7^/'' + A^u;5^7a'^, (3.36) 
7^/ = -U^RbaJ + d^VACa'^i-1)^ + X^ujVASon^, (3.37) 

I A-/ = -n^^BA/ + d^VAa^^(-l)^ + A^c^^Va^t/^. (3-38) 
In (3.30) Sp provides the propagators for the quantum fields and is given by 

Sp = i^, j + d^VY^ + JjVF^) + £p„,e, (3.39) 

where Lpure is the Lagrangian for the pure spinor ghosts. 
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3.3 The one-loop UV divergent Part of the Effective Action 



The effective action is given by 



J DQ e-^, (3.40) 



wfiere Q represents tfie quantum fiuctuations. 

To compute tfie one-loop beta functions we need to expand (3.1) up to second order 
in the quantum fields. In this way, we will obtain the UV divergent part [2] of the 
effective action, S\. Here A is UV scale. Note that the Fradkin-Tseytlin term is 
evaluated on a sphere with metric Adzdz. Finally, the complete UV divergent part 
of the effective action becomes 

Sa + ^ [ dh {Vu\a^ + TT'^n^VfiVA*) log A. (3.41) 

277 J 

The computation of S\ is performed by contracting the quantum fields. From (3.39) 
we read 

y"(z, z)Y\w, w) ^ -aV^ log 1^ - (3.42) 

d,{z)Y^{w)^-^^^, d^{z)Y^{w)^-^\-. (3.43) 
[z — w) [z — w) 

For the pure spinor ghosts we note that, because of (3.3), they enter in the combi- 
nations 

We can expand each of these combinations as J + Ji + J2, similarly for J, iV"'' 
and A^"^. As in [25], the only relevant OPE's involving the pure spinor ghosts and 
contributing to S\ are 

Nf{z)Nf{w) ^ , ^ , {-ri''^''N'^^\w) + ri''^''N'^''{w)), (3.44) 
[z — w) 

N^\z)N^{iD) , ^ _. (-?7°t'^7V'^i''(w) + rj''^^N^^{W)). (3.45) 
[z — w) 

The one-loop contributions to S'a come from self-contraction of F^'s in the term 
with Eba in (3.30) and a series of double contractions in (3.30). These come from 
products between the term involving Cba with the one involving Cba, Cba with 
D^, Cba with Da^ with Da", Eba with P°^, IcJ with C,/^, /c/ with 
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Ca^'^ and Sa-^^ with itself. After adding up all these contributions, the one-loop 
UV divergent part of the effective action is proportional to 

(3.46) 

where we used the expressions (3.3). 

Now it will be shown that (3.46) vanishes as consequence of the classical BRST 
constraints. 

3.4 One-loop Conformal Invariance 

To write the equations derived from the vanishing of (3.46), we need to determine 



Vn from the classical equations of motion from (3.1). In order to do this, we need 
to know 

vn^ - vTT'^ = n^TT^TcB^. (3.47) 

Note that we are using here the connection VLa^ to calculate the covariant derivatives 
and the torsion components. 
The equation for Vila is 

+A"a;^d^(VaC/^ - P'^ RasJ) + A%rf^(V,C/^ + P^'RaSa^) 
-\-\°'LOpX'Uj{W aSorj^^ — C^^'^Rapot — CoF^Rap^^)- 

Now we compute the equation for If*. We start by noting that this world-sheet field 
is determined from the equation of motion (3.15), then 

vTT = -v(J^P"^ + F;:^y(5/"). 

Remember that the covariant derivative on P"^ and C-^^ acts with Vla^ on ^-indices 
and with VtcP on a-indices. Now we can use the equations (3.14) and (3.18) to obtain 
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VTT = ^P"^ + P^%P"^) + AVJ5(-%t^P"^ + C/^VpP"^) (3.49) 

To obtain the equation for we can use (3.47). After all this we get 

Vn" = d/3dj{Cs^P^^ -P^VsP'^)+^^jds{Sj^Pf^ -CffVpP^") (3.50) 
+dpTtWaP^ + dpTfv^pf^ + Xf^u^d-^iC/^cp^ - Cp'^Cpp^ + pp'^VpCp^^ 
+p'^(VsCp''' - P^'Resp')) + X^u;,X^Up{Spf~^C,''^ - S^i^^Cr 

3.4.1 Beta functions 

Now we can obtain the equations for the background fields implied by the van- 
ishing of the beta functions. These are the background dependent expressions for 
the conformal weights (1,1) independent couphngs in (3.46). That is, all the in- 
dependent combinations formed from the products between (H", H", da, X°'ujp) and 
(n", n", da, A"aJg) because 11" and are determined from the equations of motion 
(3.15). Let us first concentrate on the beta functions coming from the couplings to 
n^n , (ic^n and n^^o?^ fields. After using the results for the expansion (3.30)-(3.38) 

and the equations (3.49)-(3.50) in (3.46), the couplings n^TT^, H^lf , n^TT^ and H^lf 
lead respectively to a first set of equations 

TjT,a' - TjTjf + 4V«V^$ = 0, (3.51) 

V'Tadb + RadebV''' + n.'Tsa" + 4V;.V„$ = 0, (3.52) 

R-paeari"' + TalTjf - TjTsa^ + 4V„V^$ = 0, (3.53) 

ri''\Racdb + Rbcda) - V^T^fee + V^-^a" + ^TJT,/ + 4T„,'=Ve$ (3.54) 
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H-4T„b"Va$ + 4VaVb$ = 0. 

We wrote them by increasing their dimensions, that is, if X" has dimension —1 and 
each 6", 6°' have dimension — i, then the first has dimension 1, the second and third 

dimension | and the fourth dimension 2. The couphngs to doH.^ , n"d^, doJl^ and 
U.°-dp lead respectively to a second set of equations 

- 2V;gP"^Vy$ + 2P"^VyV^ = 0, (3.55) 
VXa^ + 2VaP^^V^$ - 2PT^V^Va$ = 0, (3.56) 

(3.57) 

-2VbP°^V>y$ = 0, 

W'TJ - 2TjTa'^ + P^'^Tj-Tade + ^a^/^^^' " Ta^^ {"iV jP^'^ - 2P^^Vj$) (3.58) 

+2T„/V"$ + 2VaP^^V^$ = 0. 

The first two with have dimension 2 and the second two have dimension |. Now we 
will prove that these equations are implied by the classical BRST constraints, the 
Bianchi identities (3.21) and the relations (3.25). 

Firstly, it is important to know the expression for the scale curvature in terms of 
the scale connection. This are found to be 

Rap = V(Qr2^), R^-p = V-^Qa, Ra-p = 0, 

Rab = Tab^^j, Rap = RgB = '^a's'^'y (3.59) 



Rab — Tab''^^, Rap — "^a^p, RaP — Tap^^^. (3.60) 

Secondly, let us write some expressions useful for later use. We note that the Bianchi 
identity (VT)aa6'^ = 0, using (3.59) can be written as 

Ra[ah\c = ^aTabc — 2{'Jcla)a^ Rb]P + ilcjapTab'^ — TadcTab'^ — Ta[a'^Tb]dci (3.61) 
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now, we can use the identity 



'^Raabc — Ra[ab\c + Ra[ca\b — Ra[bc]a, (3.62) 

and the Bianchi identity (VH)aabc = to write (3.61) as 

Raabc = Ta[b^ i'yc]) Pa - 2{'Jhc) J Ra(3- (3.63) 

An identical procedure starting with {'VT)aab'^ ~ allows us to find 

Raabc = Ta/{7c])aP ' Hlbch'' ^7^- (3.64) 

Then, replacing (3.63) and (3.64) respectively in (VT)^^^^ = and (VT)„^/ = 0, 
we find 

I'apTj = 8Ra^, ^'_-fJ = 8^,^. (3.65) 

We have enough information to show that the equations (3.51) , (3.52) and (3.53) 
are satisfied. Prom the Bianchi identity (VT')Q/3>y^ = we obtain 

7;/r^^ = llRa^ + ^Rwil'X"- (3-66) 
Since we need an expression for R^pcd, we can use (VT)^^^'' = 0, finding 

Rjpcd = 2{^^)p'V^ns + Tc^'{^d)ep + 7;/(7<i)ey- (3.67) 
Replacing (3.67) in (3.66) ,using the second equation in (3.59) , Vq$ = 4Qq, and the 
constraints coming from holomorphicity-antiholomorphicity of the BRST current 
V = -ila)i3sP^^, T^f = (7a)^^^^ we Can verify the equation (3.51). 
To verify (3.52) and (3.53), we must contract the a and b indices using rj"''' in (3.63) 
and (3.64), and use (3.65) together with the relations (3.25). 

For deriving the remaining equation of the first set, the couphng to n^II^, it is 
useful to find an expression for Rabcd, which can be found from the Bianchi identity 

Rabcd = -g(7c<i)/3"(VaTa(,^ - Ta[a^Ti,]/ - Tala^Th^f^) , (3.68) 

from this equation we construct r]'^{Racdb + Rbcda)' 

7]'\Racdb + Rbcda) = -\v'\ldb) p'^V aTaf + {ida) p'^^ aTbf] (3.69) 



+ \v"'[{ldb)p''T^[a''Tc]e'' + {lda)p''T^[b''Tc]/ 
+ ^r;^'[(7*)/T„[/Te]/ + (7da)/3"T„[/Te]/]. 
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Let us consider the right hand side of (3.70) hne by hne. We can use (3.65) , the 
Bianchi identity {yR)aa5i3^ to write 

{ibY'^VaRaS = -2V„V6$ - 27;;.^V^$ - 2{-f,-faeY''^pR'' 5 - (lalb) / P^' ReS , (3.70) 

and the beta function with dimension 1 (3.51) to find the following expression for 
the first line in the right hand side of (3.70) 

-AWbVa^+2T,b'^Wc^-A7]abhl'^^pReS+^hbY''nfsRa5+^^^ 

(3.71) 

Finding an expression for the second line is a matter of gamma matrices alge- 
bra, once we use (3.59) . For this line we find \r]abTi3cdT'^^ - \T^(/%)p''- Using 
TaiP — —{^a)i35P^^ ^-nd some gamma matrices algebra, it is straightforward to find 
Ti3(a^Ti,)j^ — jrjabV'^Tdp^Tcj^ for the third hne. So, adding the results for the three 
lines and using (3.65) we find 

V^'iRacdb + Rbcda) = -4VftV„$ - re(/rb)/ + 2T,t,^V e<^ + VT,)^^ , (3.72) 

which contains some of the terms in (3.54) . It is also needed to use {VT)abc — 
in order to generate the term V^Tahc- This Bianchi identity gives 

V^Tabc — Tc\o^T^f,^ — Tc[a^T(,]g'^ — rf'^{Racdb — Rbcda) — 0. (3.73) 

Finding an expression for i]'^'^{Racdb — Rbcda) is not difficult following the description 
given to compute (3.72) . After we compute it and replace it in (3.73) we find 

W'Tabc + Tpia%/ - 2r„6^Ve$ + 27;JV^$ - 2Tab^V^^ = 0. (3.74) 

Combining (3.72) and (3.74) gives the desired beta function equation (3.54). 
A similar procedure, but with more steps, is performed to prove the equations of 
the second group. To probe (3.55) one can start by computing {V^, V^jP''''^ = 
— + R^-g^^P'^^. Then we split the curvature as a scale curvature plus a 
Lorentz curvature. For the latter, use (VT)-^/ = to obtain 

R^/ScdiY")/ = -180V^% + {Y'')/V^%cd + l^ff'f^^ + il^'l^Aai, (3.75) 
so on one hand we will have 
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-AT^^ff^P^"' + ^(7'=^^)5^r,,,P^l (3.76) 

On the other hand, we can use V-^P^ = C-^^ ^ = —P'^^Qj and 

Cap = l/10(7")^"Paac(i5 which come from antiholomorphicity of the BRST current, 

to write 

{V^, V^}P^^ = -17V^P^~% - 17P^^V^% + l(7«)7"V^(P„«c<i(7'^')/)- (3.77) 
Using (VT)abcd — and (Vi?)a6cd = it is straightforward to find 

iiyRaacd = lOTe/ - lOP^^cd- (3-78) 

Since there is a derivative acting on this terms in (3.77) , we make use of iyT)-^^^' — 
to find 

{I'V^^pTcd^ = -l^V'T^^ + (7-^7^)-^7;cd/'^' + leTkcdTrfe^. (3.79) 

We can now replace the last two equations in (3.77) and equate it to (3.76) . The 
identity 

(7"'){/(7a6)7)' = -10s5(/5^)^ + 8(7»)zs^(7a)^, (3.80) 

which can be proved using (7")j^_^(7„)_^^ = 0, will be of help to find (3.55). A 
completely analog procedure allows us to arrive to (3.56). 

To prove (3.57) we make use of the Bianchi identities {yR)aabi3^ = 0, (VT)cq/3'^ = 
and the identity {^aT^RaH^^ = -2{jaT^ R^ap^ which follows from (VT)„/37^ = 0, 
to arrive to 

(7)°^(VaP„6/ - 27;[/P;.]e/ - T^ia^R^^) - m'^TaP + + 27;5^V«$ 

-\{lT^{l'^)PRaPcdTab' + Tab^lT^R-ea^^ = 0. (3.81) 
o 

The last term in this equation is zero as can easily seen using {yT)-^^!}"' — 0. The 
first term can be worked out using (3.68) and {yT)aei3^ = 0, the curvature in the 
first term of the second line can be rewritten using {S/T)apc!' = 0. The use of 
{'VT)cdb^ = will be also needed to generate (3.57). Again, an analog procedure 
will allow at arrive to (3.4.1). 
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So far, we concentrated on a specific set of beta functions. The remaining ones can 
be classified in a third and fourth sets. The third set involves first order derivatives 
of the curvatures. We present it again as the dimension increase_s. _ 
At dimension 5/2 we find respectively from the couplings to JII , 11" J, iV^'^n and 

V"i?„^ + VijR-^),P'~' + 2(V^C^ - R-^^P^^^^ + 2C^VcfV^$ = 0, (3.82) 
V'^fta - V^sRaTeP'' + '2{Va& + Ra^P^)^ + 2C^V^V„$ = 0, (3.83) 

^'Ra-^ac + ^i^RMacP'' + 2(V/7„/ - i?^^„,P^^)V^$ + 2CjVjV^ = 0, (3.84) 

^"Rdabc - V^sRarebcP'' + 2(V„aj + ^,5,,P^^) + 2acW-,V,<l> = 0. (3.85) 

While at dimension 3 we find respectively from the couphngs to JII^, 11" J, N'^'^u'' 
and WN''^ 

V'Rab - Tka'^R'c + ri„,^7?",, + 3T57"V„C^ + 2/?,,^^=$ + 2i?fe^P^"V-,$ 
+2(VfeC7« - i?b-,P^") + P'"'(VeP6b + T,s'Rjc + = 0> (3-86) 

V'P,, + T,5"P% + T,5cC'T/^ + 3T,/V^^' + 2P,, - 2Ra^P~^V^^ 

+2{Va& + Ra^P^)^p^ - P'~%VsR-ea + T^^^P.^ + TaS^Rey) = 0, (3.87) 

V'^Rdbac - n'^Rdeac + Tfe^Prf^^e + 3r,5^ V^C J + 2P6d„eV"$ + 2P,5„,P^^V,$ (3.88) 
^-2(yi,Cac — RbeacP^^)^S^ + '^R-bSea^c^ + P^i^eRsbac + Tf,s^ Rjfac + T^j^ Rs-yac) — 0, 

V''R^,+Tf'R^,,,+T^fC,,'T,^f +^TJV^^^^ (3.89) 

+ 2(V,a/ + P,,feeP'') V5$ + 2RaSebCc'' " P''^(V5P,„,e + TaS^ Refbc + T.^^P^fe,) = 0. 

The fourth set involves second order derivatives of the background fields P"^, , 
CcP^ and . There is an equation at dimension 3, coming from the coupling to 
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^2 pap _ 2P'rSs^fP + Tde'^T'^^^ - 2VyP''^V5P°^ - 2VcP"'^V^$ (3.90) 

At dimension 7/2 we find respectively from the couplings to Jd-^, daJ, N°''^dp and 
daN'' 

V^C^-P°^V[„V7]C'^-T«c^i?""+2i?^"VaP^^+2VyP"^V„C^-C"^a5/^^' (3.91) 
+P"^(VcPa' - Vi^P^iaP"^^) - 2(V„C^ - P^^P„^)V"$ - 2(P"^V«C^+ P°^V«C^ 

+P°^P«7i^^^)Vy$ + 2(5P°^ + |^cd(7"^)/^"' - C^VyP"^)Va$ = 0, 
y2^a_p/37yj^y_j^a_2^^^ap&c_2p_6y^pa7_2V^C^V;3^''^ + 5''i?/365''^^' (3.92) 

-P"^(VcP/ + V[5P^];gP^^) - 2{WbC'' + P"^Pft^)V''$ + 2(P"^V^^ + P^^V^C" 

+P"^Pey^T^)V^$ - 2(5P"^ + 15^^(7"^)^"^'^ - C^V^P"^)V^$ = 0, 

V^Cj - P'-^VysV^-^Ca? - RdeacT""^ - 2Prf,,, V^P^^ + 2 V^P^^V^C.^* - CjR^s/P'' 

-p0P{V''Rdl3ac-'^[8Re]PacP'~'+2Rf,-,^^Cf')^^ 

-2(P^^V^C„/ + P-^'V^Cj - P^^P,^„,P^^) Vj^ = 0, (3.93) 

-P<^~^{V%-p,-V^shwb,P''+2R-p,,^^^ 

+2{CjVsP''^ - S,,P"^ - \Sad,c{r%''P'^)'^^^ 

+2(P"^V^ae' + P'^V^a," + P"^P^5cP'^)V5$ = 0. (3.94) 

Finally, at dimension 4 we find from the couplings to JJ, JN^*^, N'^^J and N°-''N'^^ 
respectively 

y2^ - P^^Vi^V^i^ - R^^Rab + 2P„^V''C^ + 2Rap'S/''C^ - 2VcfC^V^C^ 

55 



-2(C"VaC^ - P°''^{VaS + C^R^^ + C^i?^„))V^$ = 0, (3.95) 

-2VsS,aCj'' - C^iV'R.-s^^ - P'-^VysR^y^ + 2R-p,^^C,^') - ^/(V'^i?., - P'^V^sR^p) 

+2{CjRap+C^R^-pjV''^-2&VjCac^V^^+AS^^^ = 0, 

(3.96) 

V^-S'ab — P^^'W[s^t\Sah — R'^'^Rcdah + 2RcSab'^'^C^ + 2R^gV^Cab^ — 2V^C^V jCab' 

-2VsScaC/' - C^V'Ra^ab - P'~'V [8Re]^ab + '^R-ySeaCb'') - Cab^i^'^Rdrf ' P''^[sRe]^) 
+2(C^Ra^,,+Cab^R^ab)^''^-2Cab^V^C'Ws^+^SacCb''Vs^^^ = 0, 

(3.97) 

^"^Sabcd — P^^^[S^t\Sabcd — R^^ cdRefab + '^Rfecd^^ Cab + '^Rfeab^'^ Ccd 
— 2VeCcd^V^Cab + '^^eSafcdCb^ + 2V eS abcdC ^ — Cab^C^^ R-eecd — P^"^"^ [5R^]ecd 

+2ReSecCd^^) — Ccdiy^Retab " P^^'^ [5R-^]eab) + 2{Ccd'^Reeab + Cab*^ Reecd)^^ ^ 
-2a6^V^Ce/V,$ + 4SabcfCj'^e<^ - 2Ce/V^C„6^V,$ + 4SafcdCb^'^eb<^ = 0. 

(3.98) 

Since the Bianchi identities allow to write the curvature components in terms of 
the torsion components, we expect that the beta functions of the third set will be 
implied by the eight beta functions already proven, i.e first and second set. In the 
same way we expect that the beta functions of the fourth set will also be implied by 
the first two sets of beta functions since the constraints coming from holomorphicity 
and antiholomorphicity of the BRST current allows to relate the background fields 
to some components of the torsion. This is not too hard to check in the case of lower 
dimension, for example, at dimension 5/2 consider the beta functions coming from 
the coupling to JII^ 

V"i?,^ + V(jR-p)sP''' + 2(V^C" - i?^^P^") + 2C"V^V^$ = 0. (3.99) 

By using R^-g = T^-g'^Q^ and R-^^ = Vj^Qs, which follow from the definition of the 
curvature, and C*^ = P^^Qa, which follows from the antiholomorphicity constraints, 
we find that (3.99) can be written as 
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(V"T^/ - 2V^P"^V-<I> + 2P"^V-V^$)r]„ = 0, (3.100) 

so, the beta function (3.55) with dimension 2 impUes (3.99). Similarly we checked 
that (3.56) implies (3.83) and that the beta functions with dimension 5/2 (3.57) and 
(3.4.1) imply respectively the beta functions with dimension 3 (3.86) and (3.87) . 
This concludes the study of the beta functions for the type II sigma model. 

Another application of the superstring sigma model will be presented in the next 
chapter, based in the heterotic sigma model, in which the quantum consistency of 
the BRST symmetry will be studied. 



57 



Chapter 4 



Yang-Mills Chern-Simons Corrections from the Pure 
Spinor Superstring 

The BRST properties play a key role when the superstring is coupled to a generic 
background. In this chapter it will be shown how these properties can be computed 
perturbatively in the inverse of the string tension, allowing to find expected Yang- 
Mills Chern-Simons corrections. 

4.1 Lowest Order Constraints in ol 

In this section we compute the constraints coming from the nilpotency of the BRST 
charge and holomorphicity of the BRST current at tree level. 

The action which describes the Heterotic Superstring in a curved background can be 
obtained by adding the massless vertex operators to the fiat action and then covari- 
antizing with respec to to the D = \^ N = \ super-reparameterization invariance 
[24], as discussed in chapter 2 . The action is as follows 

S^^A d^z{}-W^r],^ + In^n'^EB^ + + ^"^I'Aai + dj'wt (4.1) 

ZTTO; J I 1 

X^u^'Uicf + X'uj piffle J) + 5a + 5*7 + 5$, 

where = dZ^E^{Z), if = dZ^E^{Z) and E^{Z) is a supervielbein: 
Gmn{Z) = E'^^E'^rii^a- Z^^ denote the coordinates for the D = N = 1 super- 
space (X™, 9^^) with m = 0, . . ., 9 and /x = 1, . . ., 16. Sx and Sj, as before, are the 
actions for A and = ^IK^ib'^'^'^'^ respectively, with yi, B = 0, . . ., 32. 5$ is the 
action for the dilaton coupling to the worldsheet scalar curvature. The nilpotency 
of the BRST charge is guaranteed in a flat background because of the pure spinor 
condition. Nevertheless, when the superstring is coupled to the curved background, 
the background fields must be constrained in order to maintain this nilpotency [24] 
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[57] . We can find these constrains by performing a tree level computation. To 
set that, we perform a background field expansion [20] by splitting every worldsheet 
field into a classical and quantum part, where the classical part is assumed to satisfy 
the classical equation of motion and the quantum part will allow to find propagators 
and form loops. Specifically, we will use the following notation for the splitting 

Z^ = X^ + Y^, d^ = d^o + d^, (4.2) 

So the expansion for the term ^ J d'^z\dZ^ dZ^ Gnm in (4.1) in second order of 
the quantum field is 



1 



(4.3) 

11 1 

+-dY^Y^wfcB'' + -y^y^h^Tdc^'^^Teb'" - -F^y^n^^n^^f^cs"), 

4 2 4 

where T is the part of the torsion which only contains derivatives of the vielbein: 
Tmn^ = d^uEN]^ and Tdcb^ = -Tdc'^Teb'' + {-^VcTdb^. Note that f in 
this chapter is not related to the one used in the last chapter. Repeated bosonic 
indices in (4.3) are assumed to be contracted with the Minkowski metric. On the 
other hand, the expansion for f d'^zd^dZ^ Em"' is 

j dhidjY'' - d^Y^TffcB'' + ^(d«o + 4.)aF^r^fcB° (4.4) 



27rQ;' 

-\{daO + d^)Y''TfY^{dcfDB'' + TcD^'fEBn + \djfY'''Y''dNEM''fBD'') 

In the subsequent, we will drop off the subindex. Prom the first term in the last 
two expressions we can read the propagators 

y«(x, x)Y\z, z) ^ -aY^log\x - z\\ da{x)Y^{z) ^ (4.5) 
4.1.1 Nilpotency at tree level 

The propagators (4.5) allow to compute the conditions for the nilpotency of Qbrst 
pcrturbatively in a'. In fact, we can easily compute a tree level diagram using the 
second propagator and the fifth term in (4.3) expanding in a series power, giving 
as a result 

X''da{w)X'^df3{z) = la'^^X^'X^U^Tp^'iz). (4.6) 
Zi uu z 
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The expansions for the remaining terms in the expansion of the action (4.1) are 
written in the appendix. Initially we are interested in computing the tree level 
diagrams coming from terms in the expansions with dY^Y^, since they will give 
rise to the same kind of poles as in (4.6). So, the contributions to the pole {w — z)~^ 
will be 

i^^A^A^ff (T^„^ + H^0a){z) + l^^X-X^WH.f,^ (4.7) 
2w — z 2w — z 

w — z w — z 

In our notation, the Torsion superfield T^a^ is given by 

7>a^ = Tj3a^ - ^Pa^ - ^af3\ (4-8) 

while the curvature superfield is given by 

where is the supersymmetric derivative. There also other possible tree level 
contractions of X°'da{w)X'^df3{z) with terms including dY'^Y^ which will lead to 



-U7^^^^^">^^'^^iTpc' - H\p){z) + \a'-^^^^^X"XPTCH,^p{z) (4.10) 

2 [w — zy 2 [w — zy 



[w — zy 

In our notation the field-strength superfield is given by 



-a 



F^pj = D^Apj + DpA^j + fi'^'A^jApK + T,^"^ ^c/- (4.11) 

To compute the tree-level diagrams that give rise to the above result, we need to 
compute the integral 

/ V< ^ = - / d'x-d }^~''\ ^ = 2^7^^ (4.12) 

J [w — x)\x — zy J x — w [x — zy [w — zy 

Prom (4.7) and (4.10) we deduce that the conditions for the nilpotency of Qbrst at 
the lowest order in a' are 

A"A^r«/ = 0, A"A^i/ca^ = 0, X^X^Fa^i^O, X^X^X^usR/sa-y^ ^ 0. (4.13) 

These are the same set of constraints found in [24] and [57] . 
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4.1.2 Holomorphicity at tree level 

To compute the conditions for holomorphicity of the BRST current dj — d{X°'da) — 
0, we must know the expansion up to first order in y° of the sigma model action. 
This expansion for the term J (Pz^dZ^ OZ'^Gnm is 

^ y"d^[n«ayV + n"ayV + n''n''y^rci,X6 + n^n"y^rcDV]- (4.i4) 

The conditions for holomorphicity will appear as conditions for vanishing to the inde- 
pendent couplings n^n'', n"n* and so on. For example, forming a tree level diagram 
contracting dda in dj with the third term in (4.14) , we obtain |A"n^n Tca'^riM- 
Following this procedure with all the terms in the expansion written in the appendix 
up to order Y, we arrive at 

^X-[-Um\T^,%,+T^/r)M+H^a)+Il''Tl\Ti3ac-Hp^^^^ (4.15) 

-Uf^TTH^Pa - 2dpYCTj - 2dpTrT^J + 2U'j'Fbai + 211^1' Fp^i + 2\I^uj^Y[^ R^f^-^ 
-2df,j\DaW^-WSAaKf/''-UjJ)+2X^u;j\n^s''Uif,'-nap'Uis^+U^^^ 

Since Tf^ is related to through If* = —J^Wf by using the equation of motion for 
the worldsheet field do; in (4.1) , we arrive at the following set of constraints for the 
holomorphicity of the BRST current at the lowest order in a' 

Taibc) — —Habc — Tap"^ — H^is'^ — T^J^ = 0, X^X^Rdaj}^ = 0, -Fa/37 = ~2^^"^^"'^' 

(4.16) 

Fabi = -W]T^o.b. VaW^f - Ta/W^; = UiJ, A"A^(Vat/V + Rasp'^Wf) = 0. 
This was the same set of constraints found in [24] and [57] . 

4.2 Yang-Mills Chern-Simons Corrections 

In this section we will compute a' corrections to the nilpotency constraints (4.13) 
. In the first subsection we will explain how to compute all of the twenty possible 
contributions to the nilpotency of the BRST charge. In the second subsection, we 
will explain how, adding some counter-terms, we can find the Yang-Mills Chern- 
Simons 3— form. 
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4.2.1 One- loop Corrections to the Constraints 

In the expansion for the H'^y Aai term, the following will play a role in our compu- 
tation: Il'^Y(^jl{dBAAi + TBA'^Aci){x) BJid dY^jlAAi{y). Contracting them with 
X°'da{w)X/^di3{z) we can form a 1-loop diagram 

Af. -iJjIW) Ji(y)\'^'' 



(4.17) 



The dashed lines denote background fields while the continuous lines denote the 
contractions using the propagators. So one can compute how these terms contribute 
to the nilpotency of Qbrst- To determine the coefficient for this diagram, note that 
there is an 1/2 from the expansion of exp[—S] and there is a factor of 2 coming from 
the possible ways to put the superfields at x or y. Denoting the integration over the 
world-sheet fields by j[DwsJ], we find 

X'd^{w)\''dp{z)i = -^^-^ j [Dwsf] J d'xd^yX''d^{w)X%{z) (4.18) 
U^Y^D^Aei + %E'^A,u){x)dY'Asj{y)j[{x)7i{y) 



■X^Xf'lV''^A^i{DpAci + Tpc''ADi){z) j d'^xd^y-^ 



(27r)2 u"a.v"P'^-. ^^-./v~/y - — -^^_^Y^^_y^^^_yY 

(4.19) 

-^^y'>^^'^oApi{D^Aci + f^c''Ani){z) I d^xd'^y- ^ ^ 

{2tt)^ j {w - y){z - xy [x - yy 

where J2{x)J2{y) ^ 

\J-y)'^ ■ The second line in the last equation is obtained from 
minus the first by interchanging a with (3 and w with z. So, we will just compute 
one of the integrals. 

f (fxd'^y - = / d^xd'^y ^ d ^ (4.20) 

J {w - xY{z - y){x - yY J {w - xy{z - y) ^x-y 

= 27r / dWy , , =2n I d^x- ^ 



{w — x)'^{x — y) J {w — x)^{x — z) 
where in the second step we integrated by parts with respect to y. In the last integral 
we can integrate by parts with respect to x to obtain 



/ 



(fxd^y - = (4.21) 

{w — xy{z — y) {x — yY w — z 
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Then a first contribution to our check of nilpotency will be 

X-d^{w)X%{z)i = -2a'^^^Il^Af,i{daAci + f^c''Ani){z). (4.22) 

A second contribution comes from contracting X°'da{w)X^dp{z) with 
dV^ J2A-yj{x)dY^ J2Asj{y) as shown in the diagram. 



A.". 1^ 



(4.23) 



To determine the coefficient of this diagram, note that there is an 1/2 coming from 
the Taylor expansion of exp{—S). So we find 

a'^X'^X^iz) /■ ,2 ^2 r A^i(x)Api{y) Api{x)A^i{y) ^ 1 



X'^d^{w)X%{z)n = / d'^dMj^ 



xY{z — yY {w — yY{z — xY {x — yY 

(4.24) 

The second term in the integrand is obtained from minus the first by interchanging 
w with z and a with {3. The integral we are left to solve is 



r = I d^xd^y A^i{x)Api{y) ^ _ f ^2^^2y ^ dcA^i{x)A^j{y) 
J {w - xY{z - yY{x - yY J {y - x){w - xY{z - yY 



(4.25) 



{y-x){z-yY 

where we integrated by parts with respect to x. The first and second integral on 
the right hand side of (4.25) can be integrated by parts with respect to y and x to 
obtain 



{z -y){w - xY J {y-x){z-yY 

(4.26) 

Evaluating the superfields in z, using (4.12) in the first integral and integrating by 
parts with respect to y in the second, we obtain 

r = -{27^Y ' dcAo.iAf,i{z) - iM!n^acA„M/3/(^). (4.27) 
[w — zY w — z 

Then 

— — 12 

X''d^{w)X^dp{z)n = -a' %'"~\^ X''X^TfdcA^iAi,i{z)-^—X'^X^Yi'^dcA^iApj{z) 

[w — zY w — z 

(4.28) 
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-\-a 



12 



w — z ^, 



/2 



(w — zy 



w — z 



A third contribution to the nilpotency property comes from contractions of IIq J2^a/, 



twice SY^jI^Aai and X"" da{w)\f^ di3{z) giving rise to the diagram 



A.".... 




d^{w) dY 



^ci 



(4.29) 



Since we are at order 5"^ in the expansion of , there is an |y and also a factor of 3 
from the possible ways to put the superfields at x, y and u, so there will be a —1/2 
coefficient in front: 



X''da{w)X^dp{z)ni = -^^2^1 ^^"^^-^^ J d^^d%d\X''da{w)Xf'dp{z) (4.30) 
U^jiAci{x)dY''jiADj{y)dY''jfAEK{u). 

^ -X^XPU^AciA,jAsk{z) [ d'xd'yd'uii ^ (4-31) 



2(27r)V 



{w — uY{z — yY 
It is not hard to verify that that 

-I _j -K [a'Yf^^^ 

(4.32) 

where by . . . means less singular poles which are not important in this computation. 
Then the type of integrals we must compute are 

Ti = / d'xd'yd'u- } (4.33) 

J [w - yy{z - uy{x - y){y - u){x - u) 

The integral in x gives 

/ d'x , _l_ = / d'xd^i^)^ = -27r|^, (4.34) 
J {x-y){x-u) J x-y x-u y-u 



64 



so (4.33) yields 



Ti = -271 / d^yd^udyi ) 



y-u 



w — y {z — uY{y — uY 



(4.35) 



Integrating by parts in y, y and then in u we find Fi = {27r)^/{w — z). In this way 
(4.24) gives 

X''daiw)X^d^{z)ni = -(a'^^^f-'^'U^AciA^jA^Kiz). (4.36) 

w — z 

Note that a fourth loop could be formed with IdV^Yf^U^Tpc,^ + //%), dallw^ 
and dV^J^A ai as shown in the diagram below. 



Wf 



1 




(4.37) 



In this case, we arc also at the order S^, so there is an ^ which is cancelled by the 
symmetry factor responsible for the localization of the supcrfields, either at x, y or 
u. The I coming from the coefficient of the term with II'^ is cancelled by a symmetry 
factor of the possible ways of contraction: 



A"rf«(w)A%(;2)/y = 



a 



n 



(27r) 



2 A-A^ff(Tfo^ + H-,^)WlAf,j[z) 



X / d^xSyd^u 



b'^{x - w) 



Integrating x we have to solve 

1 



d^yd^u- 



{z - u)^(y - x)(y - uf 

S^{y - w) 



z — u)^{y — w){y — uY 



= -27r / d^yd^u 



[u -y){z- u)^ 



Then 



X''da{w)Xf'dp{z)iv 



a 



12 



w — z 



(4.38) 



(2vr) 



w — z 
(4.39) 



A"A^n^(7;/ + H'^as)WfApi{z) (4.40) 



Considering the same last diagram but with the vertex jWH^^a instead of ^n'^(T^o;'^+ 
Hpa'^)-! gives a fifth contribution to the coupling to 11''' 



A"rf«(w^)A%(^)y = -^—X''X^WH^o.sWfApi{z) 



12 



W — Z 



(4.41) 
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A sixth contribution can be formed with lU^dY^Y^{TBA^ + H^ba) and twice 
dY^'XAAi: 



QYf dY'' 




(4.42) 



There arc 8 possible ways of making the contractions, a 3 factor from the possible 
ways to put the superfields at x, y or u, an 1/3! because we are at 5"^ in the expansion, 
and the factor of 1/4 of the U'^ term gives a one coefficient: 



X'^d^{w)X%{z)vi 



a 



/2 



(2n) 



S'^{x — w) 1 



(4.43) 



[y -x){z- uy [y - uy 
The integral is the same as in (4.38) , so the answer is 

>/2 



X''d^{w)X''df,{z)vi 



a 



w — z 



X^Xf^W^iTda" + H''da)AdiAf,i{z). (4.44) 



In the same way, the last diagram but with the vertex ^WH^ba instead of ^U.''{Tba'^+ 
Hba'^) leads to a seventh contribution 



X''d^{w)X^dp{z)vn = ^^X^X^WH^aaAdiApi{z). 



12 



W — Z 



(4.45) 



An eighth contribution can be formed with -^dY^Y^U^'fas" and twice OY'^J^Aai: 



A 



el 




(4.46) 



There are 4 possible ways of making the contractions, a 3 factor from the possible 
ways to put the superfields at x, y or an because we are at order in the 
expansion and a factor of 1/2 of the 11" coefficient, giving at the end a 1 coefficient: 
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X'da{w)X^dp{z)viii = -j—-^X'X^Ii''Tca''ApiAai{z) x (4.47) 



/ 



(27r) 



2 j2 ,2 -27r5^(u-x) 1 



'(«;-x)(2;-y)2(xi-y)2' 
Integrating in the integral we have to solve is 



d?x<fy. ^ = 27r / dWy , = (4.48) 



a'2 



(w — a;)(z — y)2(a; — y)2 J (2; — y)2(y — x) w — 

then 

X^d^{w)\f'dp{z)viii = ^^X^X^lffcjApiA^iiz). (4.49) 

w — z 

Let's consider the couphngs to 11 . 

A diagram hke (4.37) can be formed with ^^dY^Y^iTBA" - H^ba), OY^T^Aai 
and daj\Wf. There are 4 possible ways of making the contractions, a 6 factor from 
the possible ways to put the superfields at y or an ^ because we are at 5"^ 
order in the expansion and a factor of 1/4 of the coefficient, giving at the end a 
1 coefficient to this ninth contribution: 

X'd^{w)\^dp{z)ix = ^A"A^rf (T^,^ - H%^)WfApi{z) x (4.50) 



/ 



d^xd^yd^u- 



{w — xy{z — uy{y — x){y — 
Integrating y by parts, we are left to solve the integral 



/ 



d^xd^yd^u- r^-^^ — — = 2n ( d^x- —. (4.51) 

[w — xfyz — uy\u — y) J [w — x){z — xy 



The right hand side in the last equation is the same as (4.12) , so 

X'do,{w)X('dp{z)ix = -a'^ '^^ X^X^TCiTs^^ - H^sa)WfApi{z). (4.52) 

[w z) 

In the same way, considering vertex —jlV Hjba instead of —\Tt{TBA'^ — Hba'^) leads 
to the tenth contribution 

X''d^{w)Xfdf,{z)x = a'^/^^^X^^Xf^TPH^saW^Apiiz) (4.53) 

[w z) 

An eleventh contribution comes from a diagram like (4.42) which can be formed 
with ITTdY^Y^iTBA^ - H^ba) and twice dY^dllAAi . There are 8 possible ways 
of making the contractions, a 3 factor from the possible ways to put the superfields 
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at X, y or u, an ^ because we are at order in the expansion and a factor of 1/4 
of the coefficient, giving at the end a 1 coefficient: 



a'2 



X"da{w)X%{z)xi = (^'^"A'^n {Td^^ - H'^da)AdiA^i{z)x (4.54) 
(fxcfycfu- 



{w — x)^{z — uy{y — x){u — y) 
The last integral is the same as the integral in (4.50) , so the result is 

\"d^{w)\^dii{z)xi = -a;'2/^f4^A"A^ff (f,,^ - H'^^)AaiA0i{z). (4.55) 

[w z) 

In the same way, a twelfth contribution comes from considering the vertex —jTT H^ba 
instead of the vertex ^lf{TBA^ — Hba^)-, leading to 

X'do^{w)\^d0{z)xn = a'^^^^^—^X'X^TCH^aaAdiApiiz). (4.56) 

[w z) 

. — - J 

Another diagram like (4.46) can be formed with -i^y^F^H ^c/3^ dVJ^A^i and 
dY"" J ^Aai^ giving rise to a thirteenth contribution 

X'd^{w)\f'dfi{z)xin = -a'^-—-^X^X''irTcjAaiA^i{z). (4.57) 

[w z) 

^ 

A fourteenth contribution and the last for the couplings to H can be formed with 
-daV^lffcB'' and twice OY^JAai: 



Xt 



d^ dY-^ 



^oTce"^ (4.58) 

giving as result 

X''da{w)XPdp{z)xiv = ~ \^ X'^X^lfA^jfca^A^i (4.59) 

[w z) 

Let's consider the couplings to Jq 
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A fifteenth contribution to the nilpotency will come from a diagram formed with 
IdY^V^Xid^BAA^i + Tba^'Aci), dj[wf and dY^l[A^i: 




(4.60) 



There arc 4 possible ways of making the contractions, a 6 factor from the possible 
ways to put the superfields at x, y or u, an ^ because we are at the order in the 
expansion and a factor of 1/2 of the Jq coefficient, giving at the end a 2 factor: 



X''da{w)Xf'df,{z)xv = ^X^X^Jo{Di^A^)i + f^a'''Aci)W]Apj{z)x (4.61) 



d^xd^yd^u- 



{w — x)'^{z — uYiy — x){u — yY 
The last integral is again the same as in (4.50) , so the result is 



X''d^{w)X^dp{z)xv = -2a^^ ^ A"A^ j;(£>(^A,)j + T^J^ Aci)W]A0j{z). 

(4.62) 



[w — z) 



A sixteenth contribution can be formed with \dY^Y^ J^id^eAA]! + Tba'^Aci) and 



twice dY^J^AAf. 



Ael 



d„{w) Yf{u)\ dYf dY 



J^{D^^Aj{k + T^,^Ack) 




(4.63) 



There are 8 possible ways of making the contractions, a 3 factor from the possible 
ways to put the superfields at x, y or an ^ because we are at the order in the 
expansion and a factor of 1/2 of the Jq coefficient, giving at the end a 2 coefficient: 



.,'2 



X''d^{w)X^dp{z)xvi = 2^A-A^ jJ(9[eA,], + T.^'^AnM^jApjiz) x (4.64) 
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which contains the same integral as before, so the result is 



X^da{w)X''dp{z)xvi = -2a 



/2 



(w — z)' 



I3j{z). (4.65) 



Finally, let's consider the couplings to d^. 

A seventeenth contribution can be formed with IdadY^Y^T^n'^ , daJ2Wf and dVJ^Ao,! 



X". 



d'yT^lj,'^ 




(4.66) 



There are 4 possible ways of making the contractions, a 6 factor from the possible 
ways to put the superfields at x, y or u, an ^ because we are at the 5"^ order in the 
expansion and a factor of 1/2 of the da coefficient, giving at the end a 2 coefficient: 



X''da{w)X%{z)xvn = -2-^X''X''d^Tsa^WfA^i{z) 



X / d^xd^yd^u 



S'^ix — w) 



{z — uYiy — x){y — uY 
Integrating a;, the integral we are left to solve is 



d'^yd\- 



1 



z — uYiy — w){y — uY 



27r / d^yd^u 



[u -y){z- uY 



So, 



X''da{w)X^dp{z) 



2oi 



.12 



XVII 



w — z 



X'^X^d^Tsa^W^Af.iiz). 



(4.67) 



(27r) 



w — z 
(4.68) 



(4.69) 



An eighteenth contribution can be formed with ^dadY^Y'^Tcs"' and twice dY^^J^AAi 



A".... 



d^{w) Y^{u) 



QYf dY"^ 




(4.70) 
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There are 8 possible ways of making the contractions, a 3 factor from the possible 
ways to put the superfields at x, y and -u, an ^ because we are at the order in 
the expansion and a factor of 1/2 of the da coefficient , giving a 2 coefficient: 



a'2 



X'do^{w)\^dp{z)xviii = 2-—X'\^d^T,a^A,iApi{z)x (4.71) 

(27rj^ 

d^xd^yd'^u- ^ ^ 



[z - uY{y - x){y - uf 
This integral is the same as in (4.68) , so the result is 

X''da{w)X''dp{z)xvin = X'X^d^T^^AaApiiz). (4.72) 

w — z 

Because of the pure spinor condition, the action is invariant under 5uja = (A57^A)q,, 
so Uja^ = Ui6a^ + |f//cd(7'^'^)a^- We cau form a nineteenth one-loop diagram by 
contracting JJ2Ui{x) with dY"J2Aai: 



(4.73) 



giving the contribution 

X'da{w)\^dp{z)xix = -2^^\^\^d^5a'^ApiUi (4.74) 

w — z 

Similarly, a diagram like (4.73) can be formed contracting \N°'^ jl^Uiabi'^) with 
72^0,7, giving as contribution 

\-da{w)\l'd„{z)xx = —^^—X'X^d^i^'^'^UiefApi (4.75) 

Zw — z 

Now, let us summarize our results adding the twenty one-loop contributions to the 
tree level constraints. Each independent worldsheet coupling will receive corrections, 
as indicated below: 
Corrections to the the couphng to n*^ 

l^^A"A^n^[(7>„^ + //%) - Aa'Apj{DaA,j + f^J^Am) + 2a'Apid,Aai (4.76) 

-2a'f-'''A,iAajA^K+2a\Tas'+H'a5)WfA^i+2a\Taa'+T^'Ved+H'da)Ad^^^^ 
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Corrections to the coupling to 11 

~ \, X''X^lf[iTfSo,''-H''ap)-2a'ApidcAai+2a'{Tsa''-H''sa)WfApi (4.77) 

+2a'{Tda'' + T Juried - H'da)AdiApi - Aa' Apif^^ A^i\{z). 
Corrections to the couphng to W 

\^—\''\''W[H^p^ - Aa'Afsi(D^A^i + T^^^'Adi) - 2a'ApjD^A^i (4.78) 

Zi IX) z 

-2a'f^''A^iA^jApK + 2a'H^asWfApi + 2a'{T^ad - H^ad)AdiApi\{z). 
Corrections to the couphng to iC 

\oi' ^y^^^ X'\^W[H^^p-2a'ApiD^A^i+2a'H^SaWfApi-2a\H^ 

(4.79) 

+Aa'Apif^jAsi\{z). 

Corrections to the couphng to 

" \''\^d^[Tpa'' + 2a%orwfA0i-2a'f^^A,iApi-2a'Uio:^Api]. (4.80) 



w — z 



Corrections to the couphng to Jq 



_ X'X^J [F^pi + 2a\D(^,Ao^)i + T^J'Aci)W]Apj (4.81) 
[w z) 

+2a'{d[cAa]i + f,a''ADi)A,jA0j]{z). 
4.2.2 Addition of Counter-terms 

Let's now concentrate in finding the Yang-Mills Chern-Simons 3— form by adding 
appropriate counter-terms. Keeping in mind the lowest order in a' holomorphicity 
constraints Tabc + T^cb = = Hohc'i the conditions for nilpotency at one loop look 
hke 

From the coupling to H"^ 

>^>^\{Tpa + i/%) - ^a'Api{D^A,j + T^J'Adi) + 2a'Apid,A^i (4.82) 

-2a'f'''A,iA^jApK + 2a'{To,5' + H'^a6)WfApi]{z) = 0. 
Prom the coupling to ff 

\''\^[{Tpa'-H'ap)-2a'Apid,Ao^i + 2a\Tsa'-H'5a)WfApi-Aa'Apif,^'^A^^^^^^ 

(4.83) 
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Adding (4.82) and (4.83) gives the condition 

A" A^[7>„^ - 2a'Af,i{daA,j + T^.J'Adi) - a' f'"" A^jA^jA^k + 2a'T^s''WfApj (4.84) 

-2a' A0if^^ A^i] = 0. 
Subtracting (4.82) and (4.83) gives the condition 

A"A'^[ifV - 2a'Api{Dy^A,^i + T^c^'Adi) - a' A.jA^jA^k + 2a' H^s'W'j A^i 

(4.85) 

+2a' Apif^^ A^i] = 0. 

Now, suppose that we add a counter-term of the form J d'^zdZ^'^ dZ^ Aj^tjAmi 
to the action, where Ki is a constant to be determined. This amounts to redefine 
the space-time metric[59] Gmn — ^ Gmn + 2a'KiAMiANi. The expansion of this 
counter-term will contain the terms 

^c^^j d^x[dY^dY^ABiAAi + dYm'^ABiY'^idcAAi + ^Tca^'^d/) (4.86) 

+dYm''Y^{dcABi + Tcb''Adi)Aai + U.^dY^' AbiY"" {OcAai + Tca''Adi)+ 

Xi^dY^Y''{dcABi + ^TcB^'AnMAi] 

which can be used to compute tree level diagrams contracting with y^da{w)\^dp{z). 
However this diagrams will contribute to the order a'^, entering at the same foot as 
the one-loop diagrams. The result of these tree level diagram is 

-a^^Xi ~ \^ X'XfTf[Aci{D(^^A^)i + T^p^'Adi) - 2Api{D^Aci + f^c^AEi)]{z) 
[w z) 

(4.87) 

a'^Ki^^U^[Aci{D^<,Ap)i + T^^^^m) - 2Apj{DaAci + f^c'' Adi)]{z) 

+2a'^Ki , ^ ~ '^,J )X'\f^Ao,iA8i{z) + 2cl'^^^dT\^ A^jAbAz) 
[w — zy w — z 

Then, (4.82) and (4.83) will be modified respectively to 

X'^X^iiT^a" + i^V) - ^oi'Api{D^A,i + T^J'Adi) + 2a'A0id,A^i (4.88) 
-2a'f'''A,iAo,jApK + 2a'(T«5^ + H\s)WfApj + 2a'K^Aa{D^o.Ap)i + T^^^'Adi) 
-Aa'K,Apj{D^A,i + f^,"" Adi)]{z) = 0. 

A"A^[(r^«^ - H'ap) - 2a'Apid,A^i + 2a'{Tsa' - H''sa)WfA^i (4.89) 
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We can add (4.88) with (4.89) to obtain 

A"A^[T^„'=-2aM^K^a^/ + Tac^^D7)-a7"''^c/^aj^/3K + 2aX5W/^/3/ (4.90) 
+2a'KiA,i{D^^Ap)i+f^f^''Ani)-4a'KiA0i{D^A,i+f^,''ADi)-2a'A0^^^ 
li Ki — —1/2 and using the constriaint X^X^FafBi = we arrive at 

X^X^iTpJ^ + 2a'T^s''WfApi - 2a' Apif^^ A^i] = 0. (4.91) 

Furthermore, forming a three-level diagram with daX^^Tcis'^ and dV^dY^ ApiAai 
in (4.86) , with precisely this value for Ki we can cancel the term proportional to 
^fiiTca^A^i in (4.91) and (4.85) . Also, with this value for Ki, the counter-terms in 
the last line of (4.87) will cancel the contributions proportional to and 9 A" in 
(4.28) . 

Note that we can add a second counter-term of the form ^ J (PzdadZ^ AmiW^. 
This amounts to redefine the supervielbein Em"' — > Em"' + a'K2AMiWj'. After 
expanding this counter-term, we can form a tree-level diagrams contracting it with 
IdYW^U'^iTs^'^ + Hsj"): 

A.". . . . A^ 



(4.92) 



giving a contribution to the nilpotency 



a'^K2^-^mT^^' + H^^')W^Af3i{z), (4.93) 
w — z 

while contractions with jdY'^Y^lf{Ts^'^ — Hg^'^) will form the diagram 

n {Ts^^ - Hsj"") J^^AriiWf 

A.". . . . A^ 

d^{w) dY-^Y^x) dM'Kv) Mz) 

which gives the contribution 



(4.94) 



-a'^K^ '" ' \"X^U\T^^'^ - H^^')W]Api. (4.95) 
[w — zY 

74 



It can be easily checked that for K2 = —1, adding (4.93) and (4.95) to (4.82) and 
(4.83) respectively; then X'^X^T^p'^ will not receive a' corrections, i.e. this second 
counter-term cancels the a' correction in (4.91); while the corrections for are 

A^A'^fZ/V - 2a'Apj{Dy^A,^i + T^J'Adi) - a' A^jA^jA^k] = 0. (4.96) 

Now, the couplings to W also receive corrections from the two counter-terms just 
introduced. Some of these corrections come from the coupling to in (4.87) when 
C is 7. Another correction comes from the tree-level diagram 



A."_ li. A^ 



(4.97) 



Adding those corrections and using the holomorphicity constraint Fapi — —^WjHjais, 
we can check that the a' corrections to the couphng to 11''' are 

X"X^[H^(Sa - 2a'Apj{D^^A^)j + T^^^'Adi) - a' A^iA^jA^k] = 0. (4.98) 

Let's now identify the Chern-Simons form. We can use the lowest order constraints 
in a' coming from nilpotency condition X"X^Fapi = to write (4.96) in the desired 
form. Since A" A'' = A'^A" 



\''X^[H\0 - a'TrA^a{DpA,^ + ^T>c]''^di) - 2a' f''' A,iA^jApK\{z) = (4.99) 
Since 2f^J^A^iAo,jAf3K = iTrA^^A^Ap^ then 

X'^X^lH^p - a'TriA^^D^A,] + '^A^cAaAp^ + ^A^J^^f An)]{z) = 0, (4.100) 
which is the desired form. Similarly, (4.98) can be written as 

X'^X^iH^p^ - a'Tr{A^^DpA^^ + '^A^^A^Ap^ + ^^A^Jr^^f An)\{z) = 0. (4.101) 

Adding a further third counter-term — ^ / d'^zX^Uf^dZ^^ AmiUi^^ , which amounts 
to redefine Q^Mcf ^Ma^ — o^'AMiUja^; and thanks also to the other two counter- 
terms added, can verify that neither A^A^T^^t = nor X'^X'^F^pi = will receive a 
corrections. 

There are some similarities between the terms including the gauge connection and 
the spin connection in the heterotic sigma model action. This suggest that a similar 
computation would help to find similar Chern-Simons corrections for the gravity 
side, which will be presented in the next chapter. 



75 



Chapter 5 



Lorentz Chern-Simons Corrections 



In this chapter we consider the Lorentz Chern-Simons type of corrections to the field 
strength H . To achieve this purpose we consider in the first section the background 
field expansion of the terms in the action (4.1) that includes the spin connection 
^Ma^ and compute their a' corrections to the nilpotency of the BRST charge. 

5.1 One- loop Correction to the Nilpotency Constraints from 
Pure Spinors Lorentz Currents 

Because the pure spinor condition, (4.1) is invariant under Suja — {Ahj^Xja- Then 

nuJ = n^^sj + ^nuabirV, (5.1) 

so the terms including the spin connection can be written 

x'^cuf.Tfnca" = Jn^'ng) + ^N'^'ifncab, (5.2) 

where J = X'^uJa and N"-'' = i(A7"*a;). Because of the sphtting (4.2) J and N"-^ also 
splits as 

J = Jo + Ji + J2, N''' = N^' + N^' + (5.3) 

where the subindex 1 or 2 stands for one or two quantum fields respectively in each 
definition. Let us now consider the terms in the background field expansion of (5.2) 
that will allow to form loops. Before that, note that X^updZ'^^lMa^ is analog to 
dZ^TAui, then some diagrams of the Yang-Mills Chern-Simons corrections will 
have a Lorentz analog. 

In the expansion for jn^fij^ there are terms J2l\^Y^{DpVl^^ + T^a^^^d ) and 
ay^Jsf^i'^ which can be used to form a one-loop diagram like (4.17) contributing to 
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the nilpotency of the BRST charge: 



Af. ''2lJj2{x) My) Wl— A'^ 

(5.4) 

There is a 1/2 coming from the expansion at second order or exp(-S), a factor of 
2 because the different possibihties of putting the superfields at x or y, a factor 
of —4, coming from J2{x)J2{y) — — 4(x — y)"^ and a factor of two because of the 
symmetries of the diagram, giving 

X''daiw)Xf'dp{z)xxi = j^;^ J [Dwsf] J dVyX^da{w)X''dp{z) (5.5) 

^""A"A/^noX^(D«ng)+f«^^l^«)(z) Id'xd'y . (5.6) 
^ J {w-y){x-yy 



{2n) 



so 



X'^d^{w)X^d0{z)xxi = -8{a'f ' X'^Xf'lfn^:\d^n^S^ + T(,c''n^^^){z). (5.7) 

[w z) 



This result is analog to (4.22). 

There is also an one-loop diagram like (4.23) formed contracting X°'da{w)X^dp{z) 

i^) T . 
7 ^2- 



with twice ^yTilf^ Jo: 



Af... ^ 



which gives a result analog to (4.28) 



(5.8) 



X-da{w)X^dp{z)xxn = -4a'2 7^^4^A"A^n''acl^i'^)l](^)(;.)-i^A"A'^n^9cfi«l^?^ 

[w - z)^ w - z 

(5.9) 

-4a' \'^~\, dX"x''n(^^n^'\z) - i^aA^A'^oWn^^) 



There is no contribution Q^^^ il^^^ Q.^^ 
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There is a similar contribution to (5.7) , coming from forming a diagram with 



Y\DsVtcab + Tsc^riEab) and IdY^Nf^cab , which are in the expansion 



of iNfu^'ncab-. 



Af. ^ 



giving as result 




(5.10) 



2 .^.ATtC 



(w — z) 



^\^\^VL^^^,,{Dflc''' + T^c''^^F^')(^)- 



(5.11) 



Also there is a similar contribution to (5.9) , making a diagram contracting 
\'^do,{w)\^d^{z) with twice ^yiN^^^n^^: 



A." 




d^{w) dY 



giving as result 

X'd^{w)\^d^{z)xxw 



3 ,2 w — z 



-a 



2 (w - z)' 



(5.12) 



■A"A^rf9cJlaa6^^/"(^) (5.13) 



3 a 



/2 



>,'2 



3 ^ aA"A'^fi,„,f7/'^(^)-^-^aA«A^0„„,0/«. 



There is a diagram like (4.29) which gives a cubic contribution in coming from 



contracting \N^^U. Q.cah and a product of two \dY'^N^'^Q,a.bc- 



A.".. 




d^{w) dY^ 



I'Cef 



(5.14) 
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To determine the coefficient of this diagram, note that there is a ^ coming from the 
expansion of exp{—S) at third order, a factor of 3 because the different ways to put 
the superfields at x, y or u, an | coming from the one halves in each of the three 
terms and a factor of 2 because of the possible ways of contracting, giving 

X''d^{w)Xfdf,{z)xXV = - 8(2^^)3a/ ^""^"^^Cab^acd^pefiz) X (5.15) 



It is not hard to compute 



' W^v^ [y)i\, [u) - _ ^^^^ _ _ ^) +• 

(5.16) 

where by ... is meant less singular terms which are not of importance in this com- 
putation. Then 

X''da{w)X''df,{z)xXV = ^X''X^U^'ncab^J'^pe''{z)x J d\-^ 



{w — z){z — u){w — u) 
(5.17) 

The type of the last integral was already solved and has the form of (4.34) , then 
we arrive to an answer analog to (4.36) 



X''d^{w)XPdp{z)xxv = -^{oc'f . \. X'^X^rfncA'^^pAz) (5.18) 



[w — zY 



With the computations of the present section, the a' corrections to the nilpotency 
condition for the couplings to n*^ and TT^ are respectively 

A"A^[(7>„'^ + i^/3a') + 9>a'nfd,n^:^ + 3a'0/'^a,0«„;.] = (5.19) 

A"A^[(T;3a'^ - /^/3a1 + l&a' Qf {D ^Q'^^ + f^J'^^S) - %a'Qfd,Q^^^ (5.20) 

so adding and subtracting (5.19) and (5.20) we obtain respectively 

A"A^[7>a' + ^a'nfiD^Q^^ + T^Me^) + ?,a'npah{Da^c'' + T^e-^^l^'") (5.21) 

+3a'Oea6^^a'''^^^/] = 

X^^X^iHp^'' - Sa'Q.fiD^^o!'^ + T^/og^) - ?,a'VLpab{Dya^c]"' + Ta/^^i?'") (5.22) 
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Using the lowest order in a! constraint X'^X^R^o.cd — 0, we can write (5.22) as 

\^\^{E^o^ - %a!^^^{D^oSl^^ + f^J'^^S) - + T^/O^^") (5.23) 

To use the same notation as in the gauge case, let's use the same representation as 
in that case. Let's write ^Ab' = ^^/(TOb^ where {T^T-^ - T^T^" = f\{T^)b^ 
and {T^)b'^{T-')c — 26^"^. Using this notation (5.23) can be written as 

X'^X^iH^^'' - 4a'n\;\D^n^;^^ + if,/fig)) - Sa'Trin^^iO^n,] + ^f^efilE) (5.24) 

2 

+ -f][Af^/3])] = 0. 

Which gives the desired form of the Lorentz Chern-Simons. 
Summarizing, the Yang-Mills and Lorentz Chern-Simons corrections are 

X'^Xf'iHfSac - a'Tr{A[^D0A,^ + '^A^aApA.^ + ^A^aTf.c]'' Ad) (5.25) 

-3a'Tr(0[,D(^0,] + + ^f][,7>,i^f]c) -4a'l][;)(D,f]y + ^f^M^^)] = 

There are further one-loop diagrams that can be formed with terms in the expansion 
containing three quantum fields. It's computation constitutes work in progress. 
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Chapter 6 



Conclusions 



This thesis covered two appUcations of the non-Unear sigma models, namely the com- 
putation of equations of motion for the background fields coupled to the bosonic and 
type II superstring and also the appearance of the Yang-Mills Chern-Simons three- 
form for the heterotic superstring. 

The first application was explained in detail for the bosonic string and for the type 
II superstring using the pure spinor formalism. Both of them are conformally in- 
variant in a fiat space, so when they are coupled to a generic background, which has 
a direct correspondence with the massless states in each case, the conformal invari- 
ance must be checked. The background field method, useful to obtain a covariant 
expansion was discussed in detail for the bosonic string computations. A version 
adapted to superspace [20] of the background field method was used to obtain the 
expansions for the type II and heterotic string. The result of expanding an action 
using this method allowed to form Feynman diagrams at one loop, contributing to 
the possible lack of invariance of conformal symmetry at the quantum level. When 
all those diagrams were computed, giving contributions to the beta functions, it was 
shown that for the bosonic sigma model, these beta functions can be set consistently 
to zero. In the introduction it was also presented a spacetime action from which 
the conditions for conformal invariance can be obtained as equations of motion by a 
simple variation of this action in space-time. The necessity to use another formalism 
to make the computations for the superstring is supported because neither the RNS 
nor the GS sigma model can not be covariantly quantized and at the same time 
include all the background fields. The pure spinor formalism was briefiy discussed 
in the introduction, and the non-linear sigma model for the heterotic and type II 
superstring were discussed in more detail. It was explained how the properties of 
nilpotency of the pure spinor BRST charge and the conservation of its correspond- 
ing current allows to find constraints on the background fields at the lowest order 
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in a': super N = 1 D = 10 Yang-Mills/supergravity for the heterotic and N = 2 
D = 10 for the type II superstring. For the heterotic string, it was explained by two 
different methods how to arrive to those constraints: defining canonical momenta 
and using Poisson brackets, as explained in chapter 2, or by performing a tree level 
computation as explained in chapter 4. 

In the one-loop computation of the beta functions for the type II superstring it 
was necessary to introduce a scale A to regulate the diagrams. By studying the 
conditions under which the theory does not depend on that scale, a set of equa- 
tions was computed in chapter 3, corresponding to all the independent couplings to 
products of worldsheet fields. Because of the background field expansion used, the 
result of the one-loop computation has super-Poincare symmetry. With the help 
of some Bianchi identities and gauge invariances of the sigma model action, some 
components of the torsion where gauge fixed. Also, the scales connections and 
where related to the derivatives of the dilaton Vq^ and V^^ respectively. It 
was verified for the lowest dimension equations of motion that the lowest order a' 
type II supergravity constraints can set the beta-functions to zero, implying in this 
way in conformal invariance. This is a straightforward, although non-trivial task, 
whose level of difficulty increases as one considers equations of motion with higher 
dimension. 

The second application concerns the quantum regime of the BRST symmetry for 
the heterotic string sigma in the pure spinor formalism. A similar background field 
expansion as the one used for the pure spinor type II sigma model was included 
in the appendix, where the gauge and spin connections appear explicitly. One- 
loop diagrams were formed as a result of considering the product of two BRST 
charges evaluated in different points. The result of computing these diagrams has 
poles structure as the two points are approached. This pole structure are of two 
types: double poles and {w — z){w — z)^'^ poles, coupling to independent world- 
sheet fields. From the set of equations obtained by imposing the vanishing of the 
poles coefficients, corrections of the order a' are obtained for the classical nilpo- 
tency conditions. Chapter 4 was focused in the computations including the gauge 
fields, which allowed to find the Yang-Mills Chern-Simons three-forms correction 
of a' order to the field strength of the two-form superpotential, or Kalb-Ramond 
superfield: Hmnp Hmnp — cx'ujmnp- These corrections are known since the stud- 
ies of = 1 super Yang-Mills coupled to A" = 1 supergravity in 10 dimensions 
[44], [10], [43]. Other interesting redefinition of the fields of a' order were found, 
such as a redefinition of the metric superfield Gmn Gmn — a'TrAMAj^, also 
known since the preservation of the N — 1 supersymmetry at the quantum level 
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in the RNS sigma model [59]. A field redefinition not known until now was found 
Em"' Em"" — o:'AmiW^, since this component of the super-vielbein does not ap- 
pear neither in the RNS nor GS sigma models. 

A perspective of the present thesis is to compute the Lorentz Chern-Simons correc- 
tions. Partial results were presented in chapter 5, in which similar diagrams to the 
gauge side were computed. Using the Lorentz connection ^mJ' ^ Lorentz Chern- 
Simons three-form can be identified, although the role of a Lorentz Chern-Simons 
three form formed with the scale connection Q^^^ is not yet understood. The re- 
sults presented in chapter 5 concerned only computations involving the pure spinors 
Lorentz currents N"-^ — ^X^"'^u; and pure spinor ghost current J = X°'da- Neverthe- 
less, because of the holomorphicity and nilpotency constraints at the lowest order 
in a' and using some symmetries of the action, some components of the torsion can 
be gauged fixed to zero, allowing to write Tca^ — ^ca'^ and T^q,^ = ^-ya'^ + ^aj^- 
Furthermore, the spin connection can be written in terms of a Lorentz and scale 
connections. Considering these facts in the background field expansion for the term 
2^ / dadZ^EM"", written in equation (4.4) and denoting by = ^daiT^^pY^, 
this expansion can be written as follows 

J d''z[-dYIl%'h^M'''ll%ab-dYdY%'^ + ^M'''dYm^a,~^^^ 

(6.1) 

+^{mr'Y)Yf'nf,,,~dYY^u'dan^;h\M^'Ym'da^^^^ 

+ ^M''m''Y^id^naab+f^d^nEabyldaYf'TfY^f^^^ 

(_)dib+p) 

where dY denotes the current dY — doY" and it satisfy 

dY{y)dY{z) 16a'^(y - z)'^, 
while the Lorentz currents M"^ have the following OPE 

y- z [y- zy 

which is not surprising since this is the Lorentz current algebra of Siegel approach 
to the Grccn-Schwarz supcrstring. It is expected that including the one-loop dia- 
grams contributing to the nilpotency of the BRST charge, formed with the terms in 
(6.3), the —3 coefficient in front of the Lorentz Chern-Simons three-form (5.25) will 



(6.2) 
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turn into +1 and also the relative coefficient between the Chern-Simons three-forms 
constructed with the scale connection and with the Lorentz connection can be un- 
derstood. 

Some one-loop diagrams have been computed formed with the terms in the expan- 
sion (6.1), from which some of them give finite results, while others give divergent 
results which have no analog in the gauge side. It would be very interesting to 
understand if those diagrams giving infinite result cancel among themselves or the 
Pradkin-Tseytlin term will play a role in the cancellation of divergences. It would 
also be interesting to check if further a' field redefinitions are necessary. One field 
redefinition which one could find is Gmn Gmn — Ka'TrD,M^N, where K is some 
number, which is an analog of the redefinition in the gauge side. In that case the 
torsion component T'q/j'^ did not receive a' corrections, so it will be necessary to check 
if this component of the torsion receives or not corrections. There is no direct analog 
to the a' redefinition of Em"' found on the gauge side, so it will be interesting to 
check if the gravity side computations suggest a field redefinition for this component 
of the supervielbein. 

Having found all the a' corrections to the classical constraints, the next thing to 
do is to tray to relate them to those found in the literature, see Gates et al. [47] 
, [48] and [49] and Bonora et al. [50], [51], [52], [53] [54] in which the two groups 
have given answers which could not be realted among them. Recently Lechner and 
Tonin [55] have proposed a new set of iV = ID = 10 supergravity constraints. Those 
authors also claim that in this new formulation of = ID = 10 supergravity the 
apparently not conciliated set of constraints can be related. So, a perspective of the 
work presented in this thesis will also be to relate the constraints coming from the 
pure spinor computation with the set recently proposed. 



84 



Apendice A 



Appendix 



In this appendix we present the resuhs of the background field expansions of the 
terms in the pure spinor heterotic sigma model. 

A.l Background Field Expansions 

From the expansion of the term ^dZ'^ dZ^ Bjsim 

^ J d-'zihim^^HcAB + \Y^dY^Tf' HcBA - \Y^dY^Il^HcBA (A.l) 

+ \Y^Y^lfTfHocBAl 
where Habc = (-)"^^+'*)+("+*')("+^)3£;^£;^£;^9[m5jvp], 

dyMBNP] = \{dMBNP + {-T^^'^'^dNEpM + (-)^('"+")apSMiv) (A.2) 

and Hdcba = {-^^''^''^V bHdca - Tub^'Hec a + (-)^(^+^)rcB^i^™. 

From the expantion of dZ^ J Ami 

^ J dh[{ji + ji + ji){dY^AAi + Il^Y''{dBAAi + fBA^Aci) + II^Aai (A.3) 



2'Ka 



+^dY^Y''{d[BAA]i + Tba'^Aci) + W^Y'^U'^TcB^'idDAAi + Tda^Aei) 
K ) Y^Y^n^dB{dcAAi + TcA''ABi) 



2 

From the expansion of dadZ^Ef^ 



^ J d^z[{d^o + d^){dY'' + n^'r^Tcs")], (A.4) 



27ra' 

where the terms quadratic in Y were written in (4.4) . 
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From the expansion of daJ^W" 



2'Ka 



- J d^z[{dao + da){4 + 4 + A){\Y''Y''dcdBWf + Y^dcWt + W^). (A.5) 



From the expansion of X^ujpU. VLca^ 



. ... ... , , . „ J 

2Tia' 

(A.6) 



From the expansion of \"ujf}J^UioP 



2'Ka' 



-J d^z[{X''u;p + X''u;f3 + X''Qp + X''Qp){Jo+j[ + ji){^Y''Y''dDdcUi^^ (A.7) 

+Y''dcUiJ + Uj^% 
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